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A PROBLEM ON ‘FACTORISATIO NUMERORUM’ 


BY 


D. N. Sen 


Introduction . 
N a 

Einar Hille, in Acta Arithmetica, Vol. 2. No. 1 (1986), considers the 
function f(n), which gives the number of representations of the natural 
number n as a product of factors greater than one. The object of 
this paper is to deal with f(n) in greater detail. 

Two representations are considered identical, if they contain the 
same factors in the same order. By definitions f(1) is taken equal to 1. 


Let n= Pi Pi 2. ae “v, where p’s are primes. Clearly, f(n) depends 


on the state DON of n and not on the values of p’s. 
Obviously, f(n) is a very irregular function, any of its values being 
repeated infinitely often, 


If D.d=n, then there will be f(d) representations of n in which 
D occurs as the first factor. We have bars f(d), where the 
n n 


i 
re 
age 


2. f(n)= 3 jð, n>l. R, (1) 
dn 


summation extends over all d’s <n, n>1. 


Re 


By Dedekind’s Inversion formula, 


foray 231 ( $ ). 23) le Pi -} m 
1 


or, roas (Ar J- Sf & = \s a] o 
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~ Modification of the formula for f(n), if all a’s be 1 


Let - N =p, Pi -Pi - 
1 2 v 
By definition, {(N,)=1, so that we get from (2), 
[(No)=2(2-1)=2 
f(Nzg)=2{8.2-3.14+1}=8, 


which are evidently wrong. The reason for this is to be found in the 
equality (1) which is not true if n=1. Hence, ina case in which f(1) 
appears in (2), a modification is necessary at the end: if v be even, 
+1 is to be.added, and if y be odd, then —1 is to be brought in at 
the end; 


Á Vv v 
i.c., f(N )=2 GN, Gal) 44-3)" EO yf) ea 
This gives ° {(Ne)=2[2.1-1.1]4+1=3 ` 
{(Ng)=2[8.8-8.141.1]-1=18 
f(N4) =2[4.18-6.84+4.1—1,1] +1=75, and so on. 


A formula for f(p*) 
From (2), f(p*)=2/(pt-!) =...2°7'f(p) = 24-1, 


We can also get the result in the following way, which admits of 
gen: ralisation. 


Let  s(x)=f(p°)+ f(p!)a+f(p?)x? + f(p®)a3 +... 
Then 2s(x)—1=f(p®°) + 2f(p})x + 2f(p”)a? + 2f(p*)a8 +... 
(1-2) {2s(x) -1}=f(p°) + f(p1)a + f(p?)a? + f(p9)a> +... 
2f(p*)—2f(pe-3) =f{p*), a2 


== s(x). 
* Glee ee (8) 
F 2l —-2)—1 
1.e., f(p*) is the coefficient of æ* in (1—«)(1—2a)~! w. (5) 


=(L—a)(1+ 2x4 22a? 42303 + ...429-1e2-1 4+ 2¢e* +...), OKEE 


or, flpt)=2° 281 9871, 
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Extension of the above result 


In the same manner as above, 


if s(x, y)=f(p°q°) + f(p1q°)a + f(p2qjx? + f(p3q?)a3 +... 
+f (pq! )y + f(plqhay + f{(p2qh)a?y + fpg! r y+... 
+ f(p°q?)y? + f(p'g?)ay? + j(p2q?)x?y? + f(p3q?)aFy? + 


then Par ai y)—1}=s(a, y), 


2f (prq) —2f(p2-!g®) —2f(p2q?-}) + 2f(p2-1q° 1) = Hp" F), a, B>2. 
(1—2){1 -—y) 
We get s(x, y) “aiaa O<r<y<}. 
i.c., f(p*q®) is the coefficient of x*y* in s(x, y). .- (6) 


This evidently can be generalized and we get (ofits : p) 
1 3 


as the coefficient of wp 1a§2...0” in 
(1—2,) (1-23)... (1—2) 
2(1—2) (1—22)... (1-2) -1 ’ 


If, in this, we make 2,=23=...=a2,=2z, the function becomes 
(1—2) {21 — z) —1}, and the coefficients of different terms like 


ay !t92...0y” in which aj tagt.. tav=k, will be added up to give 
the new coefficient of 24; ie. the coefficient of * will give Sk, », 
where Sz, »=3/(n), the sum extending to all n, for which 


aytagt...tav=k, 


-2-23 =e) N, i 
noe 2(1—z,)(l—ag)...(l—-2, )—1 a + Oa). (=z )-1 


=4[1+G(z, x,...... zr], say. 








By extended form of Maclaurin’s theorem, 


: y 1 att ah a” | 
DIP ...p; lee lay 8 bee G one (8) 
1 tg y Jo; : . lox Or l BL? Bar?” 
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General value of f'p*q®), (a>B) 


IOA E] org Bue I-AA A" 
tthe suffix zero being used to indicate substitution of zero after 
differentiation) 


1 Of 2#*(1-y)*0l 
Jo |B Oy8{20—y)—1}fe*3 





=f. 





=bg B: [le +8.2° -Bg (0) (a +8—1.28-1) 
+g sala — 1)lfa + B—2.28-2) +... 
+(—)"Bq ele 1)...(a-B +1) ((a)], 


by Leibnitz’s theorem 
am Bua B-} B(B—1)a(a—1) 








zi la I8 # ~ (e+8).1 an *G4+B)fat+B—1).1.2° 2h? — 
+ (12, BB = D...2.1.0(0-1)...(o- 8 +1)" ý 
(a+ A)lo+B- 1).. Ce T es -B 
sa ie EE eee Te  @) 


where F denotes the usual hypergeometric series. 


Another form of }(p%q*) 


o*q)=4 1 {2(1—y)}*.0! 
fe qf) TAa J8: aa PUp - 1571 





1 10" 1 m 1 
= BB 0y | 20-y -1 * ¥1- (2G —y)-1 





1 1 i 
+ "C2 ty IF +... + “Ca {3 —y) 1} ** r| 


=p ar}pt+-0, BADE eo, BOs +00, ea 


Ey 


PROBLEM ON FACTORISATIO NUMERORUM 5 





SF alr e yare 
=g pher Ta iene 


4 eo—4)..1 (8 +1) (6 +2)...(8+a) 
1.2.0... 7 ay eer a 
=2°-1BR(—a, 8+1, 1, — $). ... (10) 
By symmetry, 
f(p*g*®)=2°-! F(—B, a+1, 1, — 1). sep. (11) 


A recurrence-formula for IN) 


The total number in IN) may be considered, first 


(i) by taking any factor in the first position and then associating 
with ıt the f( N, -1 possible arrangements with the other factors ; 
then : . 


(ii) by taking a product of 2 factors for the first position and 
associating with if fN, 9) possible arrangements with the other 


factors, and so on. 


This gives 
IN, J="Cq.f(N,_ y) +"Caf(N,_ 9) + ve + °C f0). 
By relation (8), 


IN) =2°C, f(N,_1)-2"Cof(N_o) + o 


+2(-1" 71 POf) +(—1)". 


These lead to the new recurrence relation 
IN) afosa, ag t"O,fN,_a)+ -. CTY sees (12) 
A formula for f(N,) 
From (8), 


ð ə 8 1 
N, =i, -m ass 
f(N,)=4 x, Oa, | amas ive =| 
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1 2 ]_ 
. IND=h 3 2 aatasr]- — 


= a 38 1 a -e 


=} ðJ t es P ae 
*Oyo| 2-y-1 PU-y)-1F 











=}3[2+2.2]=8. - 





= 8 ð ð 1 
N= Sn Sela ja ean r 


L 


E 1 
ð Yo | 2— Sere a)— * $= —2) -1 


-p3 | _ 2l- 21 2(1—2) 
#37 00-3 ae taaa- 












It 
tl 


t ey ee ee 
%|20—2)-1  {2(1—z)—1}? 


+2 = + Æ | 
(Q1—z-1)? (Q1-2-1)8 





=4[24+2.2421{2.2+3.2}] 
=4.26=13. 


From the successive generations we can arrange the terms in the 


following way: 


AN) « 1 1 
AN) .. 1 8 2 
AN) .. 1 7 12 6 


AN) .. 1 15 50 0 24 


Poca rears cess eee rORbE Does emE Teese caress easEssetees 
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The general scheme for the formation of terms will be 
Ua, m= MUg-1, mt (m—T)ty_1 m1, «. (18) 


where the first suffix refers to the row and the second one to the 
column. It can be seen, by induction, that the elements are 


1l, 2!—1! 

12, 22—12, 32-9924 72 

18, 23—13, 83—2.23+13, 43—3 8°+3,23-18 

14, 24-14, 84-2,.94+14, 44-9.8448,04—14 
54—4.44+6,8t—4,044 14, 


etc, etc. etc. 
so that ; 
Un, m=" —™-1C,(m—1)"+"-1C,(m—2)"— ... tom terms 
= coeff. of a” in |n.e"*(1—e77)""1 : 


a n ” |n .(e*—1)""1 7, ° 


ae Un, ptUn,gt ose tUasmt vee Ung a4 


=coeff. of a" in |[n.e7[1+(e7—-1)+(e*—-1)?+ ... (e7—1)"] 


of [(e7—1}**} —i] 


= [a a 


33 


jn .e* 
n” ou ee ’ 





as in the first part, the least power of zis «"*!. (Evidently, suitable 
values of æ may be taken to ensure validity of the expansions 
involved.) 





Thus 2f(N,)=coeff. of x” in|n ma 


i 
[> 
S 
+ 
fed 





1 pt 


i 
3 
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-1 
=coeff. of x” in jr (:-¥) 


Jit jot es 


p) ga toate 


Th mis" 
us f(N,) rs JE . (14) 


SCIENCE COLLEGE, 
Patna, 


ON THE APPLICATION OF ELLIPTIC FUNCTIONS 
TO TWISTED QUARTIC 


By > 
ÅSGHAR HAMEED 
(Communicated by Prof. C. V. H. Rao) 


Introduction * 


In the first article we apply elliptic functions to prove a result, 
believed to be new, in regard to the plane cubic. This is later genera- 
lised to the case of the twisted quartic (§5). We show a connection 
between the set of eight associated points in space and the set of 
nine associated points in a plane (§7). This is followed by a discussion 
on the stationary points of the twisted quartic (§§8-11). We also 
consider certain closed groups of points on the quartic (§12). 


Indebtedness is due to Professor C. V. Hanumanta Rao for his 
valuable advice and help. 


1. Ifa_conic be drawn through four fixed points of a plane 
elliptie cubic, then the line joining the remaining two points common 
to the conic and the cubic passes through a fixed point} of the 
cubic. If uj, Ug, Ug and u, be the parametric representations of 
the four points respectively, then the parametric representation 4's 
of the last fixed point is equal to (uy +ugtugt+u,). Thus starting 
with any five points uj, Ug, Ug, u4 and us, of the cubic we obtain 
five other points w4, Wg, wg, u'a and wg, also lying on the cubic. 
We now state and prove that the necessary and sufficient condition 
that the conics determined by the sets of points u,,..,u, and 
uly,.., Ws, should intersect in a point on the cubic is that the sixth 
point of intersection with the cubic of either conic be a point of 
inflexion ; when the condition is satisfied, then the other conic also 
passes through the same point of inflexion, and the relation between 
the two sets of points is mutual. 


* This paper was read before the Second-Subject Conference in Mathematica of 
the Punjab University, on March 29, 1941. 


` + Baker, Principles of Geometry, Vol. ITI, Ex. 2, p. 178, 
2—1874P 
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For, by hypothesis, 
UW Bug tUgtugt+U,=3u, Uy, ete. vive À 
Hence Su) =53u] -Zu =43u, wee (i) 


Now let the conic u,ugtzu,u, meet the cubic further in u, and 
suppose the other conie also passes through u. Then, 


su, +u=0 (mod, period) 
and Su, +u=0 (mod, per.). 


Hence Su, = Sw, (mod. per.). 


Thus from (ii), 83; =0 (mod. per.), which shows that u(=—31,) 
is a point of inflexion of the cubic. 

Hence the condition is necessary. To show that it is also sufficient, 
let the conic w,...u, meet the cubic further in a point of inflexion 


: , where P is any period. 
Then we have Zu +550 (mod. per.). ... (ii) 


Multiplying by four, we get  4%u; +550 (mod, per.). 


Thus from (ii), we get iu’, +E =0 (mod, per.), showing that the 


second conic passes through ihe same point of inflexion. Hence the 
condition is also sufficient. 

Tt remains to be shown that when the condition is satisfied, the 
relation between the two sets of points is mutual, i.e., just as the 
first set gives rise to the second set, so also the second gives rise 
to the first. For this, it is enough to show that u,=3u',—w’;. 
But this is true, for, 


Su wy =83u,+u,, from (i) and (ii) 
=u, from (ii). 
2. Let us now consider the quartic curve r * given by the inter- 


section of two quadrics. It may be represented parametrically by 
the following equations: 


z= p*(u), y=plu), a=, t=pl(u), 


* The contents of this article are taken from ẹ lecture by Professor C. V. 
Hanumanta Rao. 
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where p(u) is the Weierstrassian Elliptic Function. Thus the para- 
meters of the 4n points in which 7 meets a surface of the nth degree, 
add up to a period. In particular the sum of the parameters of eight 
associated points on 7 is a period. 

If the osculating plane at a point P of + meets r further in the 
point P’, then P’ may be said to be the Post-osculational of P, and 
P may be said to be a Pre-osculationdl of P’. The algebraic relation 
satisfying P and P’ is P'+8P=0 (mod. per.). This shows that a point 
on 7 has just one post-osculational, but nine pre-osculationals. If 
the point P’ coincides with P, then P may be said to be a stationary 
point of 7, and the osculating plane at P, a stationary plane of r. 
Evidently P must satisfy the algebraic relation 4P=0 (mod. per.), 
showing that 7 has sixteen stationary points. By fours, the sixteen 
stationary planes of 7 envelop the four cones which pass through it. 


3. Let us find out the points of 7 lying in the fundamental planes 
z=0, y=0, z=0 and t=0. The general point on 7 may be put down 
as (p®(u), p(w), 1, p'(u)). 

If C be a root of p(u)=0, then the four points in which r is met 
by the plane z=0, are+O, each taken twice. Thus z=0 touches r 
at the two points+C, the join of which is therefore a generator of 
one of the four cones which pass through 7. 

To find the intersections of r with y=0, either the y-coordinate 
in (p?(u), p(w), 1, p'(u)) must be zero, or some other coordinste be oo. 
The former case gives us u= +C, and the latter gives us u=0 twice. 
Hence the plane y=0 meets 7 at the points+C and touches it at 
the origin. : 

Similarly, on dividing by p?(u) throughout, we see that #=0 meets 
7 in the four points which coincide with the origin. And the plane 


2 
obtained on division throughout by p?(w) and the remaining three are 
the roots of p/(u)=0. 
It appears then that the four fundamental planes meet 7 m only 


f 1% 
t=0 meets 7 in the points 0, A , © and ete of which the first is 


six distinct points, namely, 0, 5 oo eie, C, -C. Of these, the 


first four are stationary points and they lie in the same plane t=0. 


* wanda are the periods of plu). 
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mS 

It may also be observed that z=0 is a stationary plane; the 

edges c= y=0 and y=2z=0 are bisecants of r, the latter being the 

tangent line at the origin; sach of the two edges y=t=0, and 

z=t=0 meets 7 in one point; and the edges z=z=0, and «=t=0 


do not meet 7. 

4. Now, if V be the vertex of a cone Q of degree n, and r be a 
curve of order k, and passing through V, then apart from V, the 
curve meets the cone in (nk—n) points. For, the curve r projects 
from V on an arbitrary plane in a curve 7’ of order (k—1). The 
section of the cone by the plane is a curve of order n. These two 
curves intersect in n(k—1) points which are the projections of the 
common points of Q and 7, apart from V. In particular, if the vertex 
V of a quadric cone lies on 7, it will meet 7 in six other points. 


5. We shall now generalize the results of §1. Let V, uy, ug, 
ug and u, be fixed points of >. Then we have the following :— 

If a quadric cone with V as vertex be drawn to pass through the 
fixed points uy,..., ug of 7, then the line joining the remaining two 
points common to the gone and the quartic mects a fixed bisecant 
of r which passes through V. In other words that line is a generator 
of one system of a fixed quadric through 7. 


For, if the remaining two common points be u and u’, we have 
QV +U; +g tg tus +u+u/=0 (mod. per.) 


which shows that the line joining u and w’ is coplanar with. and thus 
meets the line joining V and (V+uy+ug+ugt+uy). Let this last 
point be called u’;. Thus starting with V and a set of five points 
Urs., Us, all lying on 7, we can construct another set of five points 
Uy assy Us, also lying on r. We now state the following :— 


The necessary and sufficient condition that the two cones having 
V as a common vertex, and passing respectively through the sets 
of points uy,..., ug and w',,..., u's should intersect in a point on the 
quartic is that the sixth point of intersection with the quartic of 
either cone be a pre-osculational of V; when this condition is 
satisfied, the other cone also passes through the same pre-oscula- 
tional, and the reiation between the two sets of points is mutual. 


This is seen to be true by $1, for if we project r on an arbitrary 
plane, from V, then we geb a plane cubic whose nine points of 
inflexion arise as the projections of the nine pre-osculationals of V. 
The theorem may, however, be proved by the help of elliptic functions. 
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As the procedure is similar to that-of §1, we shall here prove only 
the last part, i.e., when the condition is satisfied, then the set 
Wis., Ws gives rise to the set u,,..., Us just as the latter set gave rise 
to the former set. It is therefore enough to show that 


wEV tUg HUW tWt g. 


By hypothesis, . 
wi=V+3u; u]. t.. (ì) 
Hence Zu =5V+ 43u js (ii) 


Also, since the condition is satisfied, we have 


av +30, +(-Lv+t)<0 (mod. per.), (iit 


for (-iv+8) is the general pre-osculational of V, where P is a 


period. 
Multiplying (iii) by 8, we get 
5V+85u, =0 (mod, per.). .. (iv) 


Hence, V+ 3uly—uwy)=V+4V4+85u, +u, from (i) and (it) 


=u, from (iv), 
which was to be proved. 


6. A cubic cone with its vertex V lying on r will meet the quartic 
in nine other points, say, Ug, Ug,...... , Ug (§4). And we have, 
Su, +8V=0 (mod. per.). It follows that if any cubic cone with V 
as vertex, passes through eight of the nine points w,,..., Ug, it will 
also pass through the ninth. The nine lines Vuy, Vug,..., Vug 
may thus be said to form a set of nine associated lines. Now an 
arbitrary plane meets a cubic cone in a cubic curve, and on that plane, 
the projection of + from V is also a cubic curve. Hence the set of 
nine associated lines meet an arbitrary plane in a seb of nine asso- 
ciated points. Conversely, by joining the nine points of an associated 
set in a plane, to a point outside the plane, we get a set of nine 
associated lines., It also follows that all the cubic cones, which have 
eight generators in common, have also a ninth common generator 
namely the generator associated with the original eight. 
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7. From an arbitrary point in space, sixteen common trans- 
versals can be drawn to two arbitrary twisted quartic curves. This 
may be seen to be true by projecting the two curves from that point 
on an arbitrary plane. The two plane curves intersect in sixteen 
points, which, joined to the vertex of projection, give the sixteen 
common transversals. Similarly we may prove that if two twisted 
quartic curves have a point V im common, they have nine common 
bisecants through it. 

Now, let Aj,..., A, and V be the eight points in which an arbitrary 
quadric meets 7. These eight points then form an associated seb. 
On the basis of the last article, we proceed to show a connection 
between this associated set, and the set of nine associated points 
in a plane. 

Since every quadric through A,,..., A7 must pass through V, it 
follows that every twisted elliptic quartic through A,,...,A7 must 
also pass through V. As has been remarked above, such a quartic 
curve will have nine bisecants through V, in common with 7. Seven 
of them are VAj,..., VA;. If an eighth, say VAg, is fixed, then by 
the last article, the ninth is thereby uniquely determimed. For, 
the quartic curves in question lie on cubic cones which have eight 
generators, namely VAj,..., VAg in common. ‘These cones then have 
a ninth generator in common which is the ninth common bisecant 
' of the quartic curves. Call it VAy. Projecting from V on an 
arbitrary plane, and denoting the projection of A, by A’;, etc., it 
follows that all plane cubics which pass through eight common points 
A‘y,..., A’g, pass also through a ninth common point A’). Thus 
Aly,..., A’g form a set of nine associated points in a plane. 


8. We have already remarked that if r be projected on an 
arbitrary plane, from a point V lying on it, we get an elliptic cubic 
whose points of inflexion are the projections of the nine pre-oscula- 
tionals of V in regard to 7 (§5). Hence, or by considering the para- 
meters of the nine pre-osculationals of the arbitrary point V on 7, 
it follows that they lie on each of four triads of planes concurrent 
at V, each plane of a triad containing three of the pre-osculationals. 


If, however, V be a stationary point, then one of its pre-oscula- 
tionals coincides with it. For, if V be the stationary point na where 
. ; : i ; 1 PiP 
P, is a period, then its pre-osculationals are given by ig a E): 
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where P is a period. When P is given the value P}, the pre- 
osculational is seen to coincide with ah i.e., V. Alsothe sum of 


the parameters of the remaining eight pre-osculationals is 


{(-9.4 Ze )-Ee| ETS 


Hence we have the result that a stationary point has only eight 
pre-osculationals, and that these eight points form an associated set. 


9. The sixteen stationary points of 7, given by 4u=0 (mod. per.), 
are tabled below: 


Bw wto —- Qo + Bw! Bw + Bw! 
4 4 4 4 


Qw! =o w + Qu! 2w + Quy! 8w + 2! 


4 4 4 ot 
wl! wtw’ 2w +o! Bwt w! 
4 4 4 4 
me T T 


Since every one of them is one-fourth of a period, the sum of any 
three of them is also one-fourth of a certain period. So also the 
negative of this sum. Hence it follows that the plane joining any 
three of them meets 7 again in a stationary point.* But this last 
stationary point may not be distinct from the first three, e.g., the 


plane of the points 0, Ta and Zo meets 7 again in 7 In §11 we 


shall enumerate the planes each of which passes through four 
distinct stationary points, or through three distinct stationary points, 
touching the quartic at one of them. 


* ‘This corresponds to the statement that the line joining two points of inflexion 
of a plane elliptic cubic meets it again in e point of inflexion. 


16 A. HAMEED 


It may first be observed that with each stationary point we can 
associate three others, such that the four form the vertices of a 


parallelogram whose horizontal side is z and whose inclined side is z À 


The sixteen stationary points can be divided into four such sets 
given below: 


I à TE 
20!  2w+2w ot2wW  8w+2w' 
4 4 4 4 
2w w Bw 
0 — pa dg 
4 4 4 
III IV 
Bu! 2w + Bw! wtw 80+ Bw! 
4 4 4 4 
w 2w + w! wto Bw + w! 
4 4 4 4 


The four points of each set add up to a period, showing that they 
are coplanar. Also, they are halves of the same half-period, ‘which 
shows* that the tangent lines to 7, at the four stationary points of 
any one of the four sets, are generators of one of the four cones 
which pass through r. Thus the four sets I,..., IV correspond to. the 
four cones which pass through 7. 

Now, take any stationary point S and the cone Q corresponding 
to the set to which S belongs. The tangent plane to Q at S touches 
7 at each of the two points where r is met by the generator of Q 
through 8. But, as already remarked, this generator is the tangent 
line to 7 at S. ‘Thus the two points of contact of r and the tangent 
plane of Q at 8 coincide, showing that the tangent plane is the 


* This follows from a remark made by Professor Rao, in the lecture referred to 
above, that the sum of the parameters of the two points in which + is met by any 
generator of one system of a quadric, which passes through r, is a constent C, the 
corresponding sum for the generators of the other system being —C. Thus for a cone 
through r, we have C = —C (mod. per.), 7.e., C must be a helf-period. 
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stationary plane at S. Hence we have proved the statement that 
the stationary planes at the stationary points of any one of the four 
sets I,..., IV, envelop the corresponding cone which passes through 
the quartic (§ 2). 

By the second footnote to this article, it follows that the tangent 
line to 7 at a stationary point and the joins of the point to the 
remaining three of the set to which it belongs are the generators 
through that stationary point of the four cones which pass through 
the quartic. 


10. Now, let the line joining two stationary points of the same 
set be called a stationary bisecant of the first type, and the line 
joining two stationary points, belonging to different sets, be called a 
stationary bisecant of the second type. There are 24 bisecants of 
the first type, and 96 of the second type. 

We may state that through a stationary bisecant of the first type 
can be drawn five planes each of which meets vin four distinct 
stationary points, and four planes each of which meets r in only 
three distinct stationary points, touching it at one of them. To 
verify this, let us consider the stationary bisecant joining O and 


22 both of which belong to set I. It may be seen that the plane 


joining this stationary bisecant to a point of any one of the two sets 
III and IV meets 7 again in another point of the same set. This 
gives us four planes through the stationary hisecant, each of which 
meets 7 in four distinct stationary points; the fifth plane with this 
property is given by the four points of set I. The plane joining the 
stationary bisecant to any point of set II touches r at that point. 
This gives us the four planes each of which meets 7 in only three 
distinct stationary points, touching it at one of them. It may be 
obseřved that the four points of contact are distinct from the two 
stationary points whose join has been considered, and belong to the 
same set. 

Similarly, we may state that through a stationary bisecant of the 
second type can be drawn six planes each of which meets r in four 
distinct stationary points, and two planes each of which meets r 
in only three distinct stationary points, touching it at one of them, 
To verify this, les us consider the stationary bisecant of the second 


type which joins 0 and a which belong respectively to sets I and II. 


Omitting these two points and the other two which belong to their 
8—1874P 
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rows in their respective sets, we are left with twelve stationary points 
which may be seen to group themselves in six pairs such that the 
two points of a pair are coplanar with the two with which we started. 
Thus we get the six planes as stated above. And joining the 
stationary bisecant to each of the two points, omitted above, namely 
2w 


a and = we get two planes which touch r at T and 0 respectively. 


It may be observed that, in this case. the points of contact are the 
same as those whose join has been considered. 

11. We have remarked that there arc 24 stationary bisecants 
ot the first type and 96 of the second type. Thus, from the two 
statements of the previous article, it follows that the number of 
planes each of which passes through four distinct stationary points 


is 116 (= PASE TOG XS | division by six being due to the fach that 
each plane will arise from six stationary bisecants). Of these, 29 
pass through any one of the sixteen stationary points. For, through 
any stationary point can be drawn three bisecants of the first type, 
and twelve of the second type, giving the number of the required 


exert 
8 


planes = =29. This also follows from the fact that the 


solution of cone x 116 is 29. 
Similarly, the number of planes, each of which passgs’ through 
three distinct stationary points, touching r at one of them, as 96 
24 x 4+ 96 x2 
(= 3 
plane will arise from three stationary bisecants), Of these, 18 pass 
through any one of the sixteen stationary points. For, as before, 
Bx4+12x2 p 
the above enumeration, each of the planes comes twice, namely 
from the two stationary tisecants obiamed by joining the stationary 
point under consideration to ihe other two stationary pomts m 
that plane, 


, division by three being due to the fact that each 


=18, the division by two being due to the fact that in’ 


+ 


12. We* have already defined the pre-osculational ard the post- 
osculational of a point on the quartic r (§2). More generally, by a 


* Tn this article we shall generalize to the twisted quartic some of the results 
given by Charles Tweedie. The Collinearities of the Points of Inflexion of a Non-, 
Singular Plane Cubic and their Pretangentials, Hendin del Circolo Matematico ‘di 
Palermo, t XXIX; 1° Sémestre, 1910, pp. 347-53, 7 gy 
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pre-osculational of the mth order of a point P on 7 is meant a point 
whose mt% post-osculational taken consecutively is P. 

When P is a stationary point of the quartic, the peculiarity arises 
that it may be considered as a pre-osculational or post-osculational 
of the mth order to itself. For the same reason the pre-osculationals 
of the mth order for a stationsry point include all those of lower 
order, while the stationary point Nas no post-osculational distmet 
from itself. By a proper pre-osculational of P of the mth order is 
meant a point Q whose mth post-osculational is the first to coincide 
with P. 


The sixteen stationary points of form a closed group of points 
in the sense that the plane of any three of them meets r further in 
one of them. This was proved in §9._ i 

We notice that if four points uj, Ug, ùg and us, of v liein a plane, 
then so do their mik post-osculationals. For, if 


Uy tugtug +u, =0 (mod. per.), . 
then is (—B)™u, +(—8) ug + (--8) uz + (—3)?u,=0 {mod. per.). 


Bearing this in mind, consider the 16x9” points consisting of 
the sixteen stationary points und all of their pre-osculationals of the 
mth order (proper or otherwise). ‘his group of points, then, contains 
the pre-osculationals of ail the lower orders. Let the plane of any 
three points u4, Ug, Ug of the group meet 7 further in w,. By taking 
at most mth post-osculationals, u,, ug and us give us three stationary 
points whose plane, as remarked above, must meet + further in a 
stationary point u. Thus at most the mth post-osculational of u4 
is the stationary point u. Hence u4 belongs to the group. There- 
fore we have the result that the sixteen stationary points and all of 
their pre osculationals of the mth order (proper or otherwise) form a 
closed group of 16 x 9™ points, 


This paper was written during the tenure of the R. B. Kanhiya 
Lal Research Studentship in Mathematics, awarded by the Punjab 
University. 
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ON THE PROJECTION OF THE GENERATORS 
OF A QUADRIC 
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{Communicated by Prof. C. V. H. Rao) 


Introduction * 


After proving that the projections of the “generators of a quadric 
from a point on a plane envelop a conic (§1), I discuss the particular 
cases when this envelope conic may degenerate (§§2, 3). This is 
followed by a discussion on orthogonal projection (§6), and the 
behaviour of the envelope conic as the vertex of projection varies in 
space (§7). This envelope conic touches at n points, the projection 
of a curve of order n lying on the quadric (§8). 

In particular, I obtain an oo! of conics, each of which touches a 
plane quartic with two double points at four points (§9), and I show 
that a single conic is outpolar to each one of these oo! of conics (§10). 
Also I prove that the quartic has eight bitangents (§9). Then I 
consider the cases when the vertex of projection takes some special 
positions (§ §14-16). 

Similarly, 1 get an oo? of conics, each of which touches a plano 
cubic with one double point, at three points (§18), and discuss the 
number of these conics which pass through a point, or touch a line, 
etc. (§19). I also consider the behaviour of the envelope conies 
arising from the family of quadrics which pass through a given conic 
($28), and from the families of quadries which are reciprocals of the 
families already considered (§§17, 22, 24). 

I wish to thank Professor C. V. Hanumanta Rao, whose guidance 
enabled me to write this paper. 

1. Throughout this paper, we shall denote the vertex of projec- 
tion by P, and the plane on which figures are projected by II. Let 
Q be the given quadric, and g any «ne of its generators. The plane 
Pg meets Q in another generator s, and is the tangent plane to Q 


* An abstract of this paper was read lefore the Second Subiect Conference in 
Mathematics of the Punjab University on March 28, 1941. 
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at the point common to g and s. Thus Pg isa tangent plane of the 
enveloping cone J of Q from P. Hence, the projections of the 
generators of Q from P on II envelop the section of. & by II. This 
envelope conic (section of & by II) will througbout be denoted by co. 
It may be observed that a tangent line of « is the projection of two 
generators of opposite systems of Q. 

Let q be the section of Q by Il. Then we Saali show that o und q 
have double contact. For, if p be the section of Q by the polar plane 
of P w.r.t. Q, then the curve of intersection of $ and Q consists of 
p taken twice. Thus q, which lies on Q, meets J, in the two points, 
each taken twice, where q and p meet. Hence, q and « touch at 
each of these two points., 


2. Suppose P lies on Q, and gı and s} are the two generators 
of Q through P. Let g, and s} meet II in G; and S, respectively. 
Since each g meets s4, it follows that the projection of each g passes 
through 8;. Similarly the projection of each s passes through Gy. 
Hence, when P lies on Q, the envelope conic o degenerates into 
the pair of points where the pair of generators of Q through P meet 
TI. Also conversely, for if o degenerates into.two points G, and Sj, 
then all the lines in II, which pass through G; are the projections 
of the generators of Q which meet PG,, showing that PG, isa 
generator of Q; and similarly that PS, is the other generator of 
Q through P. 


3. If Q isa cone of vertex V, and V’ isthe projection of V from 
P-on II, then, obviously, the projections of all the generators of Q 
pass through V’.. Conversely, if the projections of all the generators 
of a: quadric Q pass through the same point V’, then as in §2, PV’ 
is a generator of Q, belonging to both the families. This shows 
that the two families of generators of Q coincide, i.e.; Q is a cone, 
and that V’ is the projection of the vertex of Q. Hence, o degenerates 
into a pair of coincident points, if and only if, Q isa cone, and: 
then o consists of the projection of the vertex of Q taken twice. 

4. We have proved that oc and q have double contact ($1). In 
the particular case when II is the polar plane of P w.r.t. Q, © 
coincides with q. For, a quadric and its enveloping cone from a 
point hav} ring contact along the section of the quadric by the polar 
plane of the point, w.r.t. the quadric. 

If ¢ degenerates into a pair of lines, then the enveloping cone of 
Q from P must consist of a pair of planes which will be coincident 
ifP lies on Q, and distinct if Q is a cone. But in these two cases 
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we have seen that o degenerates respectively into a pair of distinct 
points (§2), and a pair of coincident points ($8). Hence it follows 
that o cannot degenerate into a pair of lines, whether distinct or 
coincident. Infact no envelope conic can degenerate into a pair 
of lines. 

5. Let II be taken parallel to the plane of p, the ring of contact 
of 3 and Q. Then it follows from §, that the two points of contact 
of o and q are at oo, namely the two points where q and p, whose 
planes are parallel, meet. Thusin this case, © and q are similar 
and similarly situated conics. Now, all parallel plane sections of 
a quudric are similar and similarly situated ; o and p lie on 3; and 
q and p lie on Q. Hence cach of o and q is similar and similarly 
situated in regard to p whose plane is parallel to their common plane. 

6. Let us now consider the case when the generators of Q are 
projected orthogonally on II. Here, P is the point at oo on any line 
which is normal to II. If P lies on Q, then the two generators of Q 
through P will both be perpendicular to IT. And gonversely, if II 
is perpendicular to a generator of Q. then P, being the point at oo 
on that generator, lies on Q. Thus it follows from §2, that the 
envelope conic o degenerates into a pair of points, if and only if, IL 
is perpendicular to a generator of Q, in which case, of course, it 
will be perpendicular to another generator of Q, namely that of the 
other family which passes through the point at oo of the generator 
which is perpendicular to IT. 

Since P lies at oo in a direction which is normal to II, it follows 
that IL will coincide with the polar plane of P w.r.t. Q, if and only 
if, it is one of the principal planes of Q. Hence we see from §4 
that, when projection is orthogonal, o coincides with q, if and only 
if, IL is one of the principal planes of Q.* In particular, when Q is 
a sphere, c and q coincide, if and only if, IT passes through the 
centre of Q. 

7. From §1 it follows that when IL.and Q are kept fixed and P 
is made to vary in space, the variable envelope conic o envelops 
the fixed conic q, always having double contact with it. There are 
co? conics which have double contact with q. These arise from the 
co? positions of Pin space. There are an oo} conics e which touch 
q at two fixed points on it, and an co? conics o which touch q at 
one fixed point on it. We proceed to enquire as to the behaviour of 
P corresponding to these families of the envelope conics o. 


g * Bell, Co-ordinate Geometry of Three Dimensions, §104. 
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Let K, and K, be the points of contact of q and a particular 
envelope conic 7, which arises from a particular position P, of P, 
Then K, and Kg lie on the ring of contact of Q and its enveloping 
cone &, from P}. Thus the tangent planes of Q at K, and Ka pass 
through P,, which therefore lies on k, the line conjugate to K, Ky 
weet. Q. If P be taken anywhere .on k, it is evident that the 
corresponding ring of contact wit] contain K, and K,. Hence it 
follows that the oc! positions of o, which touch q at any two fixed 
points on it, arise from the oo! positions of P given by the line which 
is conjugate w.r.t. Q to the jom of the two fixed points Jn parti- 
cular, this double contact may become a four-point contact when 
the two fixed points K, and Kg coincide. In _ this case K,Ky 
becomes a tangent line of Q lying in the plane II, and so the 
corresponding locus of P becomes the line joining K, to the pole of II 
w.r.t. Q. 

Similarly, the oo? envelope conics o which have contact with q 
at a fixed pomt I on it, arise from the oo? positions of P given by 
the tangent plane of Q at K. These oo? comcs o envelop q. To 
get an oo! conics o Which have contact with q ata fixed point K 
on it, and also envelop it, we have only to take P on any line lying 
in the tangent plane of Q at K, but not passing through the pole of 
II w.r.6. Q. 

8. Let C, be a curve of order n lying on Q. Then it meets any 
plane section of Q in n points. Now the curve of intersection of Q 
and its enveloping cone J from P consists of the ring of contact p 
taken twice. Hence all the common points of $ and Ca, which lie 
on Q, consist of the n points, each taken twice, where C, meets p. 
Thus C, touches X at these n points. If C,,’ be the projection of 
C, from P on II, it follows that the envelope conic œ touches OC,’ 
at n points which are the projections of the » points of contact of 
Sand C,, Thus the 2n points of intersection of o and ©,’ are 
accounted for. 

9. Consider now the twisted quartic curve 7 which is common 
to a pencil (00!) of quadrics. It is known that a generator of any 
one of these quadrics is a bisecant of 7, and that one of these quadries 
passes through a point of general position in space. Hence consi- 
dering the quadric of the pencil which passes through P, and its two 
generators thereat, we see that two bisecants can be drawn to r 
from P. Thus the projection of 7 from P on II is a quartic curve 
7 having two double points, Conversely, any plane quartic curve 


PROJECTION OF THE GENERATORS OF A QUADRIC 25 


with two double points, is the projection of a7.* Thus, from the 
previous article it follows that, corresponding to the oo! of quadrics 
which pass through r, we get an oo! of envelope conics+ o each of 
which touches the general plane quartic with two double points, 
at four points. The two double points of 7’ constitute the degenerate 
o corresponding to that quadric of the pencil which passes through P. 

Now, let V,, Va, Vg and V4’ be the vertices of the four cones 
which belong to the pencil of quadries determined by 7. Let their 
projections from P on II be respectively V'i, V'a, V/s and V'q. 
Each of these-four points, taken twice, is the degenerate o corres- 
ponding to that cone of the pencil, whose vertex projects into it ($8), 
and from each of these four points, a pair of bitangents can be drawn 
to 7/, For, a pair of tangent planes can be drawn from P to any 
one of the four cones of the given pencil of quadrics. Hach of 
these tangent planes touches the cone along a generator which is a 
bisecant of 7, and hence it meets the plane II in a bitangent of 7’. 
Also conversely, let l be a bitangent of 7’, touching it at K'; and K's, 
which are the projections of the points, say K, and Ko, ofr. Then 
the plane Pl touches 7 at each of K) and Ky, Thus the section by 
the plane Pl of the quadric which passes through r and its bisecant 
KK, consists of KK, taken twice. The quadric must therefore 
be a cone, and Pl, a tangent plane thereof. The bitangent l, then, 
belongs to some one of the four pairs already determined. Thus 
the general plane quartic curve with two double points has eight 
bitangents. Also, since *Cg=28, we see that there are in all twenty- 
eight points in the plane II, from each of which, a pair of bitangents 
can he drawn to v’. 

10. We shall now show that the line joining the two double 
points of 7! meets the oo! envelope conics co, found in the previous 
article, in pairs of points belonging to an involution. For, let the 
two bisccants of r from P meet it in K,, Ky and Ly, Lo respectively. 
Let P} be the harmonic conjugate of P w.r.t. Kı and Kg, and P,,. 
the harmonic conjugate w.r.t. Lı and Lgo. Then the polar planes 
of P w.r.t. the quadrics of the pencil determined by 7, pass through 
the line P, P;. Hence the pair of points, in which P,P; meets any 
quadric of the pencil, also lie on the enveloping cone of the quadric 
from P. But the pairs of points in which a line meets the quadrics 


* Baker, Principles of Geometry, Vol. IV, p. 89. 
+ Similar families of conics are known to exist for the general plane quartic curve, 
and are derived from a cubic surface (Baker, ibid., Vol, ill, p. 199). 
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of a pencil belong to an involution. Therefore the pairs of points, 
in which P, P, meets the enveloping cones from P of the quadries 
which pass through 7, belmg to an involution. Hence projecting 
on the plane II we get the result stated at the beginning of this 
article. It may be observed that the pair of double points of r! 
also belongs to the stated involution. For, the two double points 
„are the projections of P, and P, which are the points in which the 
line P,P; meets that quadric of the pencil which passes through P. 
Similarly, the pairs of poinis, in which the join of the double points 
of 7! meets the pairs of bitangents of 7’ from V’, V'a, V/s and V',, 
also belong to the stated involution. The united elements of this 
involution will be denoted by V’, and V’g. We shall show (§11) that 
V'i, Wg lie on a conic, which is outpolar to each one of the oo! 
envelope conics o. 


11. Let V; and Vę be the united elements of the involution 
determined by the pairs of points in which the line Py P; meets the 
quadrics of the pencil fixed by r. Then evidently V's and V’, of 
the previous article are the projections of V, and Vg. 

Now, it is easy to show that the locus of the poles of an arbitrary 
plane w.r.t. the quadrics of a pencil is a cubic curve.* The three 
points where that plane meets the cubic curve are the points of 
contact of that plane with the three quadries of the pencil which 
are touched by it. Thus the cubie curve, which is the locus of the 
poles of the plane P P} P, w.r.t. the quadrics of the given pencil, 
meets the plane in the points P, Vs and Vg. Now the lines conjugate 
to P,P, (or VsVg) w.r.t. fhe quadrics of the pencil, all pass 
through P. Hence they generate the cone whose vertex is P, and 
which passes through the cubic curve found as the locus of the 
poles of PP,P;. This cone passes through V, and Vg, because, 
as already remarked, these two points lie on the cubic curve. Also 
it passes through V,, Vo, V3 and V4, for the line conjugate to a 
given line w.r.t. a cone must pass through the vertex of the cone. 
Thus, by taking section of this cone by the plane II, we see that 
Vi’, Vel lie on a conic. 

Taking Q as the general quadric of the pencil fixed by r, let p 
be the ring of contact of Q and its enveloping cone 3 from P. Then 
evidently the pole of the P,P,, which lies in the plane of p, w.r.t. 
the conic p must lie on the line conjugate to P,P; w.r.t. Q. Thus 
the pole of P,P, w.t.t. p lies on the cone generated by the lines 


* For the reciprocal statement, sse Baker, ibid., Vol. ITI, p. 103. . 
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conjugate to P,P, w.r.t. the quadrics of the pencil. Hence, since 
p projects into the e corresponding to Q, it follows that the’ conic 
determined by V,!,..., Vel is the locus of the poles of the join of 
the double points of 7, w.r.t. the oo} of envelope conics o. Now 
V; aud Va’ are conjugate w.r.t. each of the oo! conicsc. Hence, 
if V’ be the pole of V’ Va w.r.t. any one of the ao! conics o, the 
AV V3 Va is inscribed in the conia Vi! Vo! Va! V4! Vs! Ve! and is 
self-conjugate w.r.t. that particular e. This proves the statement 
made at the end of the previous article, completely. 


12. We now prove the following results in regard to the æ! of 
envelope conics o each of which touches 7’ at four points :— 

(i) One und only one of the conics œ touches 7! at a given point 
on it, Let K be any point of 7’, and let it be the projection of the 
point K ofr. Denote the tangent line of 7’ at K’ by k'. Then the 
plane Pk! touches 7 at K and thus meets it at two other points. Ac 
which touches 7’ at K’ must arise from a quadric of the pencil which 
touches the plane Pk’ at K. There is one and only one quadric with 
this property, namely, the quadric whose generators through K are 
the joins of K with the other two points in which Pk’ meets r. Hence 
the required result. 

This could also be proved by saying that a o which touches 7! 
at K’ must arise from a quadric, w.r.t. which the polar plane of P 
passes through K. And there is one and only one quadric of the 
pencil having this property. 

(ii) Two and only two of the conics o pass through an arbitrary 
point in the plane JI. For, if P’ be any point in the plane II, then 
aa which passes through P’ must arise from a quadric of the pencil, 
whose enveloping cone from P has PP’ as a generator. Thus PP! 
must be a tangent line of the quadric. But an arbitrary line touches 
two and only two quadrics of a pencil. Hence, the two quadries of 
the pencil, which touch PP’, give rise to two envelope conics o which 
pass through P’. This proves the required result, 

(iii) Three and only three of the conics o touch an arbitrary line 
in the plane II. For, let V be any line in the plane HW. Thenac, 
which touches I’, must arise from a quadric of the pencil, of which 
Pl isa tangent plane. But an arbitrary plane touches three and 
only three quadrics of the pencil, which correspond to the three 
pairs of lines that can be drawn through the four points where the 
plane meets 7. These three quadrics, and these alone, give rise to 
the conies e which touch l. And tbis was to be proved. 
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It may be observed that in §10 we proved that the line joining 
the two double points of r’ meets the conics ¢ in pairs of points 
belonging to an involution. Thus, corresponding to the two united 
elements of this involution, there are two conics o which touch that 
line. The third conic o touching that line is the degenerate o con- 
sisting of the two double points of v’. 

18. The quartic curve r, considered above, may in some cases 
degenerate into simpler curves, ¢.g., ib may consist of a cubic y 
and a line | which, of course, must be a bisecant of y. If-y' andl! 
be the projections of y and l respectively, from P on II, then each 
of the ao! envelope conics o touches the plane cubic y' at three 
points, and the line l’ at one point. Similarly, we may consider other 
degenerate cases of r. In particular, it may consist of four lines, 
and then the oo! envelope conics e belong to a range of conics, 
determined by the projections of the four lines constituting +, and 
have a common self-conjugate triangle. 


14. In this Article we shall consider the cases when P, the vertex of 
projection, takes some special positions in regard to the quartic curve r. 

(a) Let P be takèn on a face of the tetrahedron V,VgV3Vq4 
formed by the vertices of the four cones which belong to the pencil 
of quadrics determined by 7. Say, P is taken on the face VoV3V4. 
Then since V,V,V3V, is a self-conjugate tetrahedron for all the 
quadrics of the pencil, it follows that the line P,P, (§10) passes 
through V,. Hence, the lines conjugate to P,P; w.r.t. the quadrics 
of the pencil, lie in the plane VoV3V,4 which is the polar plane of 
V w.r.t. each quadric of the pencil. Thus in this case, the locus 
of the poles of the line joining the double points of 7!, w.7r.t. the ow! 
envelope conics o is the line V, VV a. And the conie VV y 
Va! VaV s’ Vo of §10 breaks up into a pair of lines VaV V4’ and 
V;/V,’. It may be remarked that, in this case, one of the points 
W, and Vg of §11 coincides with V, and the other with the point 
where the line P,P; meets the plane VoV3,V,4. Hence one 
the points V,’ and V,! is the point V,’ and the other is the point 
where the line Vo'V,/V,’ meets the line joining the double 
points of 7’. i 

(b) Let P be taken at a vertex of the tetrahedron V,VoV3Vq4. 
Then the oo} of envelope conics o belong to a pencil of conics. For 
taking P at V, say, we know that it has the same polar plane w.r.t. 
each quadric of the pencil, namely, the plane V2V3;V,. Let VoVsV4 
meet 7 in the pomts X,, Xo, Xg and X4. J 
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Then the conics, in which the plane VaV; V4 meets the quadries of 
the pencil, belong to the pencil of conics determined by thej points 
Xy,..., X4- But these conics project into the envelope conics c. 
Hence if X,’,..., X,’ be the projections from P on II of the points 
Xy,..., X4 respectively, it follows that the conics o belong to the 
pencil determined by Xj’,..., X4’, which was to be proved. Also r 
projects into a conic (taken twica), which is the section by II of 
the cone of the pencil whose vertex is P. This conic evidently 
belongs to the pencil of conics o. : 

(e) If r degenerates into a cubic curve and a line meeting the 
cubic in P} and Po, then there are only two cones which belong to 
the pencil of quadrics, their vertices being P, and Po respectively. 
If P is taken at any one of these two points, the envelope conic c, 
corresponding to any quadric of the pencil, degenerates into a pair of 
points (§2), of which one point remains fixed being the point of 
intersection of IT and P, Pa, and the other moves on the conic into 
which the cubic curve projects. . 

(d) Ifz degenerates into two conics meeting in K, and Ky, then 
all the quadrics of the pencil have the same tangent planes at K, 
and Ky. In this case also there are only two cones belonging to the 
pencil of quadrics, their vertices P,; and Po being the united elements 
of the involution fixed by the pairs of points in which the quadrics 
of the pencil are met by the line of intersection of the common 
tangent planes at K, and Ky. If P is taken at any one of the two 
points P} and Po, the envelope conics o have contact with one 
another at each of the two fixed points where II meets PK, and 
PK. It may be observed that at these two points the conics o also 
touch the section by II of the cone of the pencil, whose. vertex is P. 
The common pole w.r.t. the conicso of the line, joining these two 
points of contact, is the point where P, P, meets II, and therefore 
remains fixed whether P is taken at P} or Py. These results hold 
when P is taken anywhere on the line P, Po. 

The cases when one or both of the two conics, into which r 
degenerates, consist of pairs of lines may be discussed similarly. 


15. Let us now consider what happens when P is taken anywhere 
on the quartic curve 7. Through P there pass two generators of each 
quadric of the pencil, and these generators are bisecants of r. Also, 
a bisecant of r is a generator of one and only one quadric of the 
pencil. If any plane be drawn through P, it will meet 7 in three 
-other points which, joined to P, give three bisecants of + passing 
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through P and lying in that plane. Thus the pairs of generators 
through P of the quadrics of the pencil lie on a cubic cone. Also, 
these pairs of generators determine an involution on the cubic cone, 
for a quadric is uniquely fixed by the quartic curve 7 and a bisecant 
thereof. The planes of the pairs of generators, being tangent planes 
at P to the quadrics of the pencil, have in common the tangent line 
at P to r, which line is also a generator of the cubic cone found 
above. 

Now, since in this case P lies on each quadric of the given pencil, 
it follows (§2) that o ‘for each quadric degenerates into a pair of 
points where the pair of generators through P of that quadric meet IT. 
These pairs of points into which the conics o degenerate, determine 
an involution on the elliptic cubic curve of intersection of II und 
the cubic cone found above, the line joining the two points of each 
pair passing through the fixed point A’ of the cubic curve where II 
meets the tangent line at P to 7. This follows from the previous 
paragraph. à 

The united elemente of the involution. determined by the degene- 
rate conics g, will bee points of the cubic curve, tangents at which 
to the curve pass through A’. These united elements will be the 
degenerate conics e corresp: nding to the cones belonging to the given 
pencil of quadrics (§8). Thus we have established the cquivalence 
of the two statements that four cones belong to a pencil of quadrics, 
and that four tangent lines can be drawn to a plane elliptic cubic 
from a point on it, apart from the tangent line at that point. 


16. In continuation of the last article. we now consider the 
following particular cases when 7 degenerates into simpler curves :— 

(a) Let r consist of a twisted cubic curve and a line, which of 
course will be a bisecant of the cubic curve. Let P be taken any- f 
where on the twisted cubic. Then each envelope conic o degenerates 
into a pair of points (§ 2), of which one lies on the conic into which 
the cubic curve projects and the other lies on the line in which the 
bisecant of the cubic curve projects. These lme and conic meet in 
two points each of which taken twice is a degenerate o. This is 
equivalent to the fact that only two cones belong to the pencil of 
quadrics in this case. 

(b) Let r consist of two conics meeting in K, and Ke, and let P 
be taken on any one of the two conics. The other conic meets each 
of the two generators through P of any quadric of the pencil. Hence, 
the pairs of points, in which the envelope conics o degenerate, deter- 
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mine an involution on the conie into which the second of the two 
given conics projects from P on IF. Such an involution has two 
united elements, which is thus equivalent to the fact that in the 
present case only two cones belong to the pencil of quadrics. The 
centre of the involution is the point where II meets the tangent line 
at P to the conic on which P is taken. 


If however, P be taken at K; oreKy, the involution works on the 
line of intersection of IL and the common tangent plane of the 
quadries of the pencil, at P. 


(c) When = consists of a conic and a pair of intersecting lines, 
each of which will meet the conic in a point, let us take P on any 
one of the two lines. Then, of the two points into which a o degene- 
rates, one remains fixed, being the point of intersection of II and 
the line on which P is taken, and the other moves on the conic into 
which the given conic projects from P on II. Evidently the two 
points, which constitute a o, coincide only once, namely, at the fixed 
point just determined. This is so, because in the pfesent case, only 
one cone belongs to the pencil of quadrics. 

If P be taken on the given conic, then of the two points into 
which a o degenerates, one will lie on one fixed line and the other 
on another fixed line. These two fixed lines are the projections of 
the two given lines which form a part of 7. Again we see that the 
two points constituting 8 o coincide just once, namely at the point 
where the two fixed lines intersect. 

(dq) When r consists of four lines forming a skew quadrilateral, 
and P is taken on any one of them, then the edge opposite to this 
line will be met by the other generator through P of each quadric 
of the given pencil. Thus, of the two points into which a o 
degenerates, one is fixed, being the point of intersection of II and the 
line on which P is taken, and the other moves on the projection of 
the opposite edge which obviously does not pass through the fixed 
point. It follows then, that the two points which constitute a o 
cannot coincide. This is equivalent to the fact, that in the present 
case, no cone belongs to the given pencil. 

If P be taken on any one of the four vertices of the skew quadri- 
lateral, then all the quadrics‘of the pencil bave the same two 
generators through P. Thus all the conics o degenerate into the 
same pair of points, where the common generators through P meet II. 

17. We shall now consider a range of quadrics obtained as the 
reciprocals of the quadrics of a pencil. Since an arbitrary plane 
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meets the quadrics of a pencil in four common points, it follows 
that, from an arbitrary point P, four plenes can be drawn to touch 
all the quadrics of the range. These four planes are thus the common 
tangent planes of the enveloping cones from P to the quadrics of 
the range. Hence the envelope conics o, arising from the quadrics 
of the range, belong to a range of conics determined by the four lines 
where TI meets the four common tangent planes through P. 


Now an arbitrary plane touches three quadrics of a pencil. The 
three pairs of generators of these quadrics, lying in the plane, are 
the three pairs of lines which pass through the four points in which 
that plane meets all the quadrics of the pencil. Hence, reciprocally, 
,we see that through the -arbitrary point P, three quadries of the 
range pass. And that the pairs of generators of these quadrics, 
through P are given by the three pairs of lines which lie in the four 
common tangent planes through P of the quadrics of the range. 
Hence the degenerate conics o, corresponding to the three quadrics 
of the range whieh pass through P, are the three pairs of opposite 
vertices of the quadrilateral formed by the four lines which determine 
the range of conics e. ° 

In particular the remarks of this article apply to a family of 
confocal quadrics which is a particular type of a range of quadrics. 

18. Let y be a twisted cubic curve. Then through the arbitrary 
point P a unique bisecant can be drawn to y. Thus the projection 
of y on the plane II is a cubic curve y which has one double point. 
Now an oo? quadrics can be drawn to pass through y. Hence the 
ao” envelope conics o, arising from these oo? quadrics, are a family 
of conics each of which touches y' at three points (§8). We shall 
now show that these are the only conics which touch y! at three 
points. 

For, let a conic c} touch y' at the points K,’, Ky’ and K3’. Let 
these three points be the projections respectively of K,, Ky and K, 
which lie on y. Let pı be the conic section by the plane K; K2Ks 
of the cone whose vertex is P and whose base is oj. Then p, meets 
yin K,, Ky and Kj. Therefore taking two other points of p, it is 
clear that a unique quadric Q can be drawn to pass through y and 
pı- The tangent plane of Q at K} must touch y and pı, and is thus 
the tangent plane at K, to the cone whose vertex is P and whose 
base is c}. Hence the tangent plane to Q at K, passes through P. 
So also for the tangent planes at Ky and Kẹ. Hence P is the pole of 
the plane KKK; w.r.t. Q, showing that the cone whose vertex is P 


i 


PROJECTION OF THE GENERATORS OF A QUADRIC © 33 


and whose base is p; (oro) is the enveloping cone of Q from P. 
Thus a, is the envelope vonie o corresponding to the quadric Q 
which passes through y, i.e., e; is one of the ao? conics found above. 
This proves the required result. 


19. We now state and prove the following results in regard to y, 
the plane cubic (rational) with one double point, and the œ? conics e 
found in the previous article :— . 

(a) An oo! of the conics o touch y' at a given point on it. For, 
let Ky’ be any point of y', and let it be the projection of the point K, 
of y. Then the conics e which touch y' at K,’ must arise from the 
quadries which pass through y and w.r.t. each of which the polar 
plane of P passes through K,. We have then to show that there are 
an oo! of such quadrics. Now, the polar planes of P w.r:t. the 
> quadrics, which contain y, pass through a fixed point P} which is 
the fourth harmonic of P w.r.t. the two points where the unique 
bisecant of y through P meets y. Thus the polar planes of P w.r.t. 
the quadrics whose conics o touch y’ at K,’ must pass through the 
line P, K}. There are an oo! of planes which pass through P, K,, 
thus giving the oo! of the required quadrics. This proves the desired 
result, 

(b) There are two conics o, each of which touches y! at a given 
point on it and has four-point contact with it at some other point. 
For, such a o will arise from a quadric of the (oo?) family fixed by y, 
the polar plane of which w.r.t. P, not only passes through P, K; 
(see the previous case) but also touches y at a point other than K}. 
Such a plane is obviously a tangent plane from P} to the cone which 
passes through y and has K, as its vertex. Since only two tangent 
planes can be drawn from P, to the cone, we get two quadrics 
(corresponding to these two planes) which give rise to two conies o 
having the stated property. And this was to be proved. 

The two tangent planes coincide if, and only if, P} lies on the cone 
which passes through y and whose vertex is K}. Then P, K, will be 
the bisecant of y from P}. Thus PK}, in this case, comeides with 
PP, showing that K,’ is the double point of y. Also K, has now two 
positions, say K}; and Kig, which are the points where the bisecant 
from .P to y meets it. The tangent plane at P} to the cone, which 
passes through y and has K}; as vertex, is'the polar plane of P w.r.t. 
this very cone, for P, K,, passes through P. And the o corresponding 
to this cone is the double point of y', taken twice. Similarly also 
for the cone which passes through y and has Ky, as vertex. Thus 
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when K,’ is the double point of y', each of the two conics o discussed 
above consists of the double point taken twice. Apart from this, the 
two conics o found above will always be distinct. 


(c) One and only one o touches y! at each of its two given points. 
For, let K,’ and Ka be the two given points of y. Let them be 
projections respectively of the points K, and K, which he on y. Then 
by the argument used in case (a, the quadrie, which passes through 
y and wr.t. which P,K,K. is the polar plane of P, is the only 
quadric which gives rise to a o touching y at K,’and K,’. This 
proves the required result. 

(d) Among the œ? conics o, there are three families, each of 
oo! conics, such that the conics of these familhes touch any arbitrary 
line in the plane II. For, let l be an arbitrary line in the plane II, 
meeting y in K,’, K,’ and K3’. Let these three points b: respectively 
the projections of the points K,, Ky and K} which lie ony. Then 
K,K.K, is a triangle. Take any side of this triengle, say K)Kg. 
Then y and itsbisecant KyK3 constitute a degenerate quartic curve, 
and (§18) we get an oo! of the conics o each of which touches y' 
at three points and ‘7’ at one point. Thus corresponding to the three 
sides of the triangle K;K,K, we get the three families stated above. 

(e) Three of the conics o touch an arbitrary line in the plane II, 
at a given point on it. For, in the notation of the previous case, 
let K’ be the given point on l’, and let PK’ meet Ky Kg in K. Then the 
unique quadric, which passes through y und KaKg, and w.r.t. which 
the polar plane of P passes through K, gives rise to a o touching l 
at K’. Thus corresponding to the three families of the previous case, 
we get the three conics o stuted above. 

(f) Nine of the conics v touch two arbitrary lines in the plane II. 
For, ın continuation of ease (d), let 1,’ be another arbitrary line in 
the plane II, meeting y' in K’,,, K’ig and K’;,. Let these points be 
the projections respectively of K,,, Kio and Ky, which lie on y. 
Then a unique quadre can be drawn to pass through y and its two 
bisecants KaK; and Kyo Kj. The o piven by this quadric touches 
both ¥ and 1,’.. Corresponding to the nine ways of grouping one side 
of the triang'e K,;KyK 3 with one side of the triangle K, KiKi, 
we get the nme conics o which touch V and l1’, which was.to be 
proved. 

(g) Three of the conics o touch y at a given point on it and also 
touch an arbitrary line in the plane IJ. This may be proved as 
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(h) An oo! of the conics o pass through an arbitrary point in the 
plane TI, and in threes they have the same tangent line at that point. 
Since an oo! of lines can be drawn to pass through a point and to 
lie in a plane containing the point, the result stated above follows 
from case (e). . 

(i) Two and only two conics o touch y! at a given point on it 
and pass through a given point in the plane II. For, the conics e, 
which touch y at a fixed point on it, arise from a certain pencil of 
quadrics [this follows from the argument used in case (a)]. Two and 
only two quadrics of this pencil touch the line joining P to the given 
point in the plane II. The conics o corresponding to these two 
quadrics have the stated property. This proves the required result. 

(j) Four of the conics o pass through two arbitrary points in the 
plane II. To prove this it is enough to show that the two liaes, which 
join the two arbitrary points in the plane II to the point P, touch 
four of the quadrics which pass through y. Hence we shall prove 
the following :— P 

Of the oo? quadrics which pass through y there are just four 
which touch each of two given lines in space, For, let the lines be 
ABandCD IfK he any point of AB, then seven arbitrary points 
of y and K, taken twice (on AB), give us nine points which determine 
uniquely the quadric * which passes through y and touches AB at K. 
Thus of the quadrics which pass through y, an ao! touch AB. Let 
any one of these oo! quadiics meet CD in Ly and La. Then we 
sh ill show that there is a (2, 2) correspondence between Lı and Lo, 
ie. if L be any point on CD, then two of the oo! quadrics pass 
tbrough L. For, any such quadric is touched by AB, and belongs 
to the perel of quadrics which pass through the quartic curve 
consisting of y and its unique bisecant through L, and two quadrics 
of a pencil touch an arbitrary line. Thus it is proved that there is 
a (2, 2) correspondence between Ly and Lg Such a correspondence 
has four united elements, showing that four of the oo! quadrics touch 
OD, which was to be proved. 

20. There are an oo! of quadrics whicb pass through y and P, 
being the quadrics of the pencil which is determmed by the quartic 


* This quadric may also be located by means of its two generators through E. 
One of them is the unique bisccant o' y through K, and the other is the line joining 
K to the third point where y is met by the plane passing through AB and the unique 
bisecant of y through K, since this plane is the tangent plane at K to the required 
quadric, 
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curve consisting of y and its unique bisecant through P. The 
envelope conics o corresponding to these oo! of quadrics degenerate 
each into a pair of pomts (§ 2), of which one point is fixed, namely, the 
double point of y' and the other moves n y 

We know that if y lies on a cone, ıt must pass through the vertex 
of the cone, and conversely, a quadric cone can be drawn to pass 
through y with any one of its ports as vertex. The envelope conics 
o, corresponding to the oo! of cones which pass through y, break up 
into pairs of coincident points (§8) which are the points cf y. From 
this we can prove that from an arbitrary point K' of y we can draw 
two tangents to y, apart from the tangent at K'. For, let K be the 
corresponding point of y. Then the plane passing through PK’ and 
a tangent line of y from K’ must be a tangent plane from P to the 
cone which passes through y and whose vertex is K. Since only two 
such tangent planes can be drawn, we get only two lines which are 
tangents to y’ from K’, and this was to be proved. [This, of course, 
can be provedsotherwise also. For, the polar conic of K! w.r.t. y! 
touches y’ at K’ and passes through its double point Thus it meets 
y in only two other pots. And tangents to y! at these two points 
pass through K’ ] 

21. We shall now show that y' has three points of inflexion and 
that these three points lie on a line. - For, three osculating planes 
of y pass through the arbitrary point P. These planes meet II in 
three lines each of which meets y’ in three coincident points, giving 
us a point of inflexion of y. Also conversely, the plane joining P 
to a line of inflexion of y/ must be an osculating plane of y. Hence 
there are only three points of inflexion of y’. That they are collimear 
follows from the fact* that the plane of the three points, at which 
the osculating planes of y pass through P, also passes through P. 

Now, the osculating plane of y, at a point K on it, is a tangent 
plane of the cone which passes through y and has K as its vertex. 
‘thus if K’ be a point of inflexion of y’, then one of the two tangents 
from K/ to y’, found in the previous article, coincides with the lin of 
inflexion at K’. It follows, then, that from a point of inflexion of y, 
only one tangent can be drawn to y’, apart from the line of inflexion 
at that point. [Otherwise thus: The polar conic of K' wr.t, y 
consists of two lines, one of which 1s the line of inflexion at K’. The 
other passes through the double point of y' and thus meets it in only 
one other point. The tangent to y' at this point passes through K’.] 


* Baker, tbid., Vol. ITI, Ex 2, p. 184. 
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22. Consider now the family (00?) of quadrics obtained as the 
reciprocal of the family of quadrics which pass through a twisted 
cubic y. Since an arbitrary plane meets yın thre» points it follows 
that three common tangent planes can be drawn from the arbitrarily 
chosen point P to the guadrics of the family under consideration. 
Hence the envelope conics o arising from the quadrice of this family 
are the conics which touch three Jjized lines, which are the sections 
by the plane II of the three common tangent planes through P. 

23. We now come to the family (co*) of quadrics which have a 
conic C in common If we take the sections by the plane of ©, of 
the enveloping cones from P of the 2* of quadrics, then it follows 
that each of these conic sections has double contact with C (§1). 
Hence, if C’ be the projection of C from P on II, we see that the 
envelope conics o, arising from the oot of quadrics, have double 
contact with the fixed conic ©. 


The number of conics having double contact with a given conic 
is 00%, while the number of conics o which have double contact with 
© is oof. This can be accounted for by the fact thaf'all the oct 
conics o are not distinct, an oo! of them being coincident with each 
one cf them. For, an enveloping cone of one of the oo* quadrics 
is an enveloping cone of an oo}! of them. This may be proved as 
follows :— 


Let $ be an enveloping cone of one of the given oof of quadrics. 
Then it must touch C at two points, say, K; and Ko. Hence the planes 
of the rings of contact of 5 and those of the oo* quadrics, which have 
X as an enveloping cone, must pass through KK. An oo! of planes 
can be drawn through K,K,. We have to show that a single quadric 
can be drawn which passes through C and has contact with 3 along 
the conic k where & is cut by an arbitrary plane through KK}. 
Let R be any point on C. Then we can draw a single quadric having 
ring contact with 3 along k, and passing through R. The section of 
this quadric by the plane of © must touch 5 at K, and Kg because 
these are the two points where this plane meets the ring of contact k. 
Hence this section touches C at K, and K,. And since it meets C 
further in the point R, it coincides with C. Thus the quadric we 
have constructed passes through C and is the only quadric of the 
given family, which has ring contact with = along k. Correspondmg 
then, to the œ! planes through K,Kg, we get the oo! quadrics from 
the given family which have 5 as an enveloping cone, which was 
to be proved. 
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24. Leb us now consider the family of quadrics which is the 
reciprocal of the family of the previous article. The present family, 
thin, consists of the oot quadrics which have a common fixed 
enveloping cone 8. Two tangent planes of S pass through the 
arbitrary point P. These are thus the common tangent planes from 
P of all the quadrics of the family under consideration. It follows, 
then, that the envelope conics o, arising from the quadrics of the 
present family, touch two fixed lites, which are the lines where II 
meets the two common tangent planes through P. The number of 
conics which touch each of two fixed lines is oo, while the number 
of conics ¢ is œo4. This, as before, can be accounted for by the fact 
that all the conics o are not distinct, an oo! of them being coincident 
with each one of them. For, an enveloping cone of one of the aot 
quadrics of the present family is an enveloping cone of an co! of 
them. This may be proved as follows :— 


Let $, be an enveloping cone of any one of the oo* of quadrics. 
Then the two tangent planes of S from the vertex of 3 must also 
be tangent planes of 3. Thus % and S have two common tangent 
planes. We have only tp show that both of them are enveloping cones 
of an co! of quadries. This is at once seen to be the case, by reci- 
procating the statement that an oo! of quadrics can be drawn to pass 
through two conics which intersect in two points. Hence the required 
result is proved. 

This paper was written during the tenure of the R. B. Kanbiya 
Lal Research Studentship in Mathematics, awarded by the Punjab 
University. 
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CORRECTION 


In the paper ‘ On a Diopkantine Equation ’ by N. M. Basu, in the 
Bull, Cal, Math, Koc., Vol. XXXII (1940), pp. 16-20 
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ON AN INTERPOLATION FORMULA CONN ECTED WITH A 
DEFINITE INTEGRAL IN N-VARIABLES ig 
By - i 
P. N. Das GUPTA 
Introduction 


Burnside * had indicated that 
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where f(x, y) is an integral polynomial of degree +5. 
The object of the present paper is to extend the result to the case 
of an aneeetaL polynomial in n-variables of degree em, an odd integer. 
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Now suppose a 

g{a)=f(a, a,...a)+f(—a, @,...a)+...=Sf/(4a, +a, +4, +a,... +0), 
a summation of 2” terms. ‘ 

So, g(a) =2" (ata -+a4B +a%y+8). ~ 

And suppose, .. 

=/(b, 0, 0, 0,...)+/(<b, 0, 0, 0,...)+7(0, b, O, 0,...) 
+7(0, —b, 0, 0,...)+ 

a summation.of 2n terms, 
so that h(b) =2(b4a + by 4nd), we (8) 


Tf now we assume 
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we get the following equations for determining À, u, viz., 


Math 4 Qub4 ==, ' 
2 | 
4 = 
Mati =y | 


Ada? + p.2b? s7, 


AP pu 2n =2", J 


Solving, b2? = en 5 a2 = ts S aani 





A, a have corresponding values. 


Hence from (1) and (4), = hips 


f da aie (E1, To, .+.®y)da day...da, 
-1J -1 
(15n —12)? pd ( ~ int bn+4 


n+) Iön—12 N Iön-12 
5n+4 5n+4 7 
+i- ; fee Jase $0 2" 
( ién—12 iin —-12 ý toms! 





20 x Qt 4+5n 
VRE Ap? 07 91 0 - 
a (6) 


- 
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The above is a Quadrature formula involving 2n +2" functional 
values. Putting n=2, we get Burnside’s result. 


2. If the degree of f7, we have to assume along with g(a) and 
h(b) as before, if n>2, 


at 


K(o)=[lc, o, 0, 0, 0...) +/(-+2, —=0, 0, 0, O.. a? 
© 4jl=0, +6, 0, 0, 0...) +f(=6, —0, 0, O, O.a) + -n 


a summation of 4. "Cp ‘terms. - 
et 


Now assume, 


6= =Oeco0. Fg go0+-+ ter} PH Fg 200+ FAQ 4200- Foes 
y= =Age0g-> Faggogr e baggage: tes 


l ee SE. Boia 
so that t=zi(2 tiga store è 


and, 7 . 
g(a)=2" {a00 +p +y) +at(a+ 8) +027 +8} }- 
Ji(b)=2{b96 + b4a + b?y+ nè} ; a 
Ho)=do®{(n—1)0-+9} + 4e4L(n—Da+ 8} 
+402(n—1)y+2n(n—1)8. 
-So, putting Ag(a) + ph(b) + vk(c) + pd=I, we get 7 equations to solve 
for A, m, v, P, a, b, c froma which we get, 


1 2"(64.—14n), Qn 


= jat Tx IB5b V T850 TT 
2A +2" n+ 2n(n—1)v+p=2"; 


1 + 2(64—14n) 40-1) 1.. 


27a? b2x7x185 185c? 5’ 61s 8 











1 „ 2(64—14n) án- i 
Q7at btx7x185 185c% 8’ 


27a% 1850? 9' 


From (8), it could be seen that real values of a, b, c are available 
for all integral values of n>0., 


So, we get the following result, 
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` If f is an integral function of » variables, of degree not exceeding 
7, for n>2, 


cee oan : . 
AS S f _ fe dy,...0,)da,dar,...da, 

L =ABf(ta, +a, +4,...4a)+pS/(+b, 0, 0,... 0) 
7 ©  #uBf(E0, be, 0)... 0) + pf(0, 0, 0,... 0). 


£ (i á E $ $ 
where a, b, c, A, uw, v, p have values given by equations (8). ... (9) 


Similarly we can prove the following general result. 


"Theorem: If the degree -of f $m an odd integer). ‘and n>a~l, 


then it t is even and=2c,,* y EE 


“ a nar % 





1 i r atid PW 
f J on fer, ta i--.ty)dey dirg...datq, where f is an integral func: 


tion of n variables, can be expressed us a linear function of 


-a 


Sf(+4, £4,... +a, +4), Seb, 0, 0,...0), Seto, +c, 0,.0,.. o), 
Sf(+d4, +d,- kd, 0, 0...), the number of such sümmations being T; 


while if nẹp—1 and 7 meat; is odd and=2p+1 Le. being integer), the 


integral could be’ expressed as a linear function of the set of p functions 
of the type indicated for even case, taken along with /(0, 0, 0...0) 


p ...(10). 


Scréxck COLLEGE, Z 
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ON APOLAR QUADRICS 


By 


JAGDISH GOPAL ANAND A 


(Communicsted by Prof. C. V, H. Rao) 


I. Miss-Telling has, in an article published in the ‘‘ Proceedings 
of the Camb..Phil. Society, Vol. XXI, Part III,” considered the cons- 
triction of self-conjugate .pentads and hexads for a non-degenerate 
quadric 3. She has also proved that if the vertices of a figure of one 
of the three types — a self-polar tetrahedron, a self-conjugate pentad 
and a self-conjugaté hexad w.r.t. 3 — can be found on a cubic o, an 
infinite number of figures of each of the other two types can be found 
also having their vertices on e. From this she has deduced the corres- 
ponding theorems for any quadricS. Those proofs mostly depend 
upon the methods of construction of these figures. 


In this article only the properties of these figures are used and it 
is proved that if the vertices of a figure .of one of these three types lie 
ona quadric S, S contains the vertices of an infinite number of each 
of the other two types of figures. In the end an interesting property, 
of a cubic outpolar to X is added. . 


II. The following two well-known results are assumed :— 

1. If§ contains the vertices of one tetrahedron self-polar w.r.t. 3, 
it contains the vertices of ah infinite number of such tetrahedrons. 

2. Any quadric S passing through seven of the eight vertices of 
two tetrahedrons self-polar w.r.t. any, the same quadric & passes 
through their eighth vertex also. ‘ 

Let us now prove :— 


8. Ifa quadric S circumscribes a pentad self-conjugate w.r.t. 
_ another quadric J, then an infinite number of tetrahedrons self-polar 
w.r.t. Z can be inscribed in S. 


Let ABCDE be a pentad satisfying the given conditions. We can 
construct a tetrahedron AB,C,D, whichis self-polar w.r.t, 3 such that 
its vertices B, and C, besides the vertex A lie on‘S. 

There is a family ¢ of quadrics having ring contact with X along 
the plane B,C,D,. This family has AB,C,D, as a common self- 
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polar tetrahedron. Let 3/ be that member of this family which has 
the points D, E as a pair of conjugate points, 

The poles of any plane w.r.t. the family ¢ lie ona straight line. 
Consider the plane BCD. Its pole w.r.t. 3 lies on AE. Also the pole 
of BCD w.vr.t. the point-square A regarded as l a degenerate member 
of the family ¢ is A itself. Therefore AE is the line of poles of BCD 
w.r.t. the family ¢. As the polar plane of D w.r.t. 3/ passes through 
E, it is clear that E is the pole of BCD w.r.t. 3’, Similarly, it can be 
proved that D is the pole of BCE w.r.t. 3’. Now from the fact that 
B, D and C, D have been proved to be pairs of conjugate points for 
3/, it follows similarly, that B and C are the poles w.r.t. 5 of the planes 
CDE and BDE respectively, i.c., BODE is a self-polar tetrahedron 
w.r 6, a quadric 3/ for which AB,C,D, is also a self-polay tetrahedron, 
AsS passes through the points A, By, Ci, B,C, Dand E, it must 
pass through the point D, also, This means that § circumscribes one, . 
and therefore an infinite number.of tetrahedrons, self-pular w.r.t. 3. 

In a similar manner we can prove that if one and therefore an 
infinite number of tetrahedrons self-polar w.r.t. 3 are inscribed-in S, 
an infinite number of pentads self-conjugate w.r.t. = can be inscribed 
in 8. i 

4. Ifa quadric 8 circumscribes a self-conjugate hexad Ww.r.t. a 
quadrie &, then an infinite number of tetrahedrons self-polar w.r.t. & 
can be inscribed in S. _ 

Let ABCDEF be a hexad sutisfying the given conditions, Again 
construct a tetrahedron ABCD; self-polar w.r.t. 3 having the 
vertices By, Cy, besides the vertex Aon S. Consider the family 9 of 
quadrics defined in §8. The line’ of poles of the plane DEF w.r.t. 
this family will pass through A and will lie in the plane ABC for the 
pole of DEF w.r.t. 3 hes in the plane ABC. Let 3” be defined as that 
quadric of the family 9 for which the pole of DEF lies on BO, 

The planes BOF and DEF are then conjugate for the quadrie X. 
Also the line of poles of the plane BOF w.r.t. the family ¢ lies in the 
plane ADE. Therefore the pole of BOF w.r.t. 3” must lie on DE — 
the line common to the planes DEF and ADE. 

Similarly, it can be shown that the poles of BCE and a wrt 
>! lie on DF and EF respectively. 

- From the fact that the pole of BCE w.r.t. 3” lieson DF, it would 
similarly follow that the poles of the planes DFB, DFC lie on CE and 


BE respectively. 
It is clear now that any plane of the pentad BCDEF can be shown 


For 


to have its pole’ on the opposite line. This means that the pentad 
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BCDEF is self-conjugate for 3”. From §8 therefore it follows that 
D, lieson 8. Hence one, and therefore an infinite number of tetra- 
hedrons self-polar w.r.t. 5, can be inscribed in S. 

Similarly we can prove the converse of this theorem. 

5. Combining §§ 1, 2,3, 4 we see that if~the vertices of one 
figure of any of the three types—a self-polar tetrahedron, a self-conju- 
gate pentad and a self-conjugate hexad w.r.t. }—can be found on §, 
the vertices of an infinite number of figures of the other two types can 
also be found on 8. 

II. A property of outpolar cubics. 

Let us suppose that a cubice contains the vertices of a self- 
conjugate pentad or hexad w.r.t. a quadric $. From any point P 
outside o draw, the chord to o. Two independent quadrics S and 8’ 
can be made to pass through o and l. The polar plane w.r.t. & of any 
point common to S and S’ would meet S and S’ inconies which are 
both outpolar to the conic in which that plane meets 3. In particular 
this result is true about the point P. If the polar plane x of P w.r.t. 3 
meets S and 8! in the conics ¢ and c’, the four common points of c, c! 
form a self-conjugate 4-set for the section ofe by m. These are the 
four points in which r is met by o and l. 

Therefore the chord through any point P too’ meets the polar 
plane x of P w.r.t. X in a point which with the three points in which r 
meets o forms a self-conjugate 4-set of points for the section of 
& by =. 

Let the point P now take up a positionon the cubicc. Then 
through P can be drawn an infinite number of chords of the cubic c, 
Therefore there are an infinite number of points in the polar plane 7 
of P w.r.t. & which with the points of intersection of o with r form a 
self-conjugate 4-set for the section of $ by m, This means that the 
polar plane of P meets o in aself-polar triangle for J, or that an 
infinite number of tetrahedrons self-polar w.r.t. 3 can be found having 
their vertices on o. “ 

Hence if on a cubic & can be found the vertices of a self-conjugate 
pentad or hexad w.r.t. E, o circumseribes an infinite number of tetra- 
hedrons self-polar w.r.t. 3. i 


S. D. COLLEGE, +, 
LAHORE. 
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ON AFFINE REGULARITY OF POLYGONS 


By 
Miss Apna Mitra 


(Communicated by Dr. F. W. Levi) 


J. Douglas has given an interesting theory of the metric 
properties of polygons in his ‘‘ Geometry of Polygons in the Complex 
plane.’’* By the help of this theory, we “can establish some other 
geometrical properties of affine regular polygons in an algebraic 
manner. It can be shown in a purely geometrical manner, that a 
pentagon is affine regular, if and only if, every diagonal is parallel to 
aside. In the following lines it will be proved that this theorem 
can be extended to a theorem, applicable to every polygon. 

§1. In this section some definitions and results of Douglas 
will be given. The geometrical entities are expressed by numbers 
of the complex z=2-nyi-plane throughout this paper. 

Definition 1. An n-gon (#,, 22, .... Za) is said to be affine regular of 


w”-type, if it is similar to the n-gon (1, w”, w??, u WTD»), 
Omi 
where women ;p=l, 2, ..., n= 1.- 


For p=1 or n—1, the regular polygons aré convex and the same 
but for orientation; for other values of p which are prime to n, the 
polygons are star polygons, If, however, n=rs, we have a regular 
r-gon, described s times in succession, and the 7-gon may be convex 
or star-shaped. 

Definition 2, An n-gon (2,, #2, ..., 2a) i8 said to be affine regular 
of w?-type, if it is obtainable from the n-gon (1, w”, w®?, ..., ol?) 
by some affinity transformation. 

Douglas has stated the following n—1 relations, called R/-relations, 
with regard to an n-gon (2), #2) = Zn) 

Ry: 8, +028, + 02185 + Talut +o"-D2g,=0 
2ri Í 
q=1, 2, ..., 0—1 where o=6 n , 8, =%,4;—%,; and has shown 
that 


*J ournal of Mathematics and Physics, vol. XIX, p. 98. 
2—1874P—2 
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(a) An n-gon reduces to a point, if and only if, the sides s,, 8z 
.-+; Sn Satisfy all the R/-relations ; 

(b) An n-gon is regular of w”-type, if and only if, the sides satisfy 
all the R’-relations except R/,=0; 

(e) An n-gon is affine regular of w?-type, if and only if, the sides 
satisfy the R’-relations, except possibly R’p,=0 and R’,_»=0. 

§ 2. Let J, 2,..., n be the*vertices of an n-gon, 21, 82, se, Ëa 
being the corresponding complex numbers and let the sides z,,,—2, 
be denoted by s,. Let the ‘vertices and the sides be determined 
mod.n. We shall establish the following theorem : 
Theorem. The n-gon is affine regular, if and only if, 

(i) the n>2 vertices are non-collinear, 

_ (ii) every side is parallel to a 3-diagonal * 
and (iii) every-2-diagonal is parallel to a 4-diagonal. 

The conditions are obviously necessary, as they hold in any regular 
polygon and they are not altered by affinity, We prove the converse 
proposition. Suppose the -gon to satisfy the ‘‘ conditions of parallel- 


ism ’', namely the follwing equations: - 
Si +S8p4o=(Ager—l) Sears = se 0) 
8k HSpys = (Apr 1)(Skt t Skt) se GQ) 
k=1, 2, ..., n and A,,, and Hg+, are real numbers. 


Consider the following three equations of (1) and (2): 


8, +(1—A,) Sa +8=0 
8,+(1—-A,) Ss +8,=0 .. (3) 
8, + (1—p,) Sat (1—p,) 53+3,=0. 


Now a system of equations in complex variables with real coeff- 
cients is equivalent to a pair of systems of equations in real variables, 
the coefficients being exactly the same in the two systems. We 
write $;=a;+b,i and the numbers a, and b; are the solutions of 
the same system of linear homogeneous equations with the real 


matrix 
1 1—A,1 0 


O1 ee 1 m 4) 
. 1 1—p. 1- pe 1 


* A 2-diagonal is that one which joins i to k+2 and a 3-diagonal is that which 
joins k to k+3 and so on, Hence in a quadrangle every side is simultaneously a 
8-diagonal, 
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If (4) has only one solution, then a; is the same multiple of b; for 
every j, and the vertices of the n-gon are then collinear. Hence, 
there must be atleast two independent solutions, the rank of the 
matrix (4) is, therefore, at most two. “Hence ' i 


1 1p 0 
0 1 e 1 = 0 
1 l— us 1 
whence m +l-A=0 or =à l. 


By equating to zero another suitable determjnant we get 
"pgs Ag—1. 
Therefore À= Àz. E sy 
By cyclic permutations one gets - 
MEAE À=. = Àn =A say. * 

Hence also i= a= My = = fip = p, SAY. 

We may, therefore, replace the conditions (1) and (2) by 

© pet Sear 8a =O, KHL, 2, un My n © 

where p=1—À. 7 
Hence, we need to see the nature of the n-gon whose sides: satisfy" 


(5) together with the additional relation 3 s;=0. Excluding the 
3=1 


value —2 of p; because only in that case 2 s;=0 does not follow 
2} 


from (5), we restrict our consideration to the equations (5) only. 
Indeed, when p=—2, A becomes equal to 8A=38, and the points are 
collinear, 

If now there exists a system s,, satisfying (5), then p must be 
a root of l 


PE OOO saa 
LEPO ar “hig ee SO 
OPO: ced nes as. ae OOS Re 718) 
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and, conversely, for every value of p satisfying (6), there are solutions 

of (5). This determinant again can be put into the factors* 
(p-+2)(p-Fw-+0"-!)(p-+02 +0) ... (p+0"} +o) 

which can be written as 

(P+Dp tutoh pto? +o)? ... (pte eto?) 


when 7 is odd, and as 


n 


5 a. n n en 
(p+2)(ptotw!)?(p+w? +02)? ... (P+W? Leute )3 (oto? +o 2) 
when n is even: Hence p, under consideration, is given by 
p=-(e? +o), p= 1,2, ..., 2-1, 


of which only (n—1)/2 values are distinct when n is odd, and n/2 
values, when 7 is even, 


Take any particular value of p Say —(0” +w~”), then we shall see 
that the n-— 3° relations 
Roe 8, +w%9+ ae FOMOrDIg,=0 


q=i, 2,..,n-1 but Æp and n—p are linearly dependent on (5). 
The question, therefore, rests upon whether it is possible to solve the 
following equations for m,=1, 2, ..., n: 


Bey V * apm, + Mg + Mp=1 


x 
+. 


miy png + mMg=w? 
Mgt pM, + mMm,=w?? 
gt pits 4=o 
Mı +My 1 + pity, =w 


This will be possible if the matrix 


ê 


BLO E E D 
1 P 1 0 we we «OF wf 

rel O i -p 1+ 0 ico 9 w2? sts (7) 
1 0... 0O 1 p pa? 


2 The Theory of Equations by Burnside and Panton, Vol. IT, p. 62. 
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has the same rank as the matrix, Pea by dropping the last column. 
Now from the t column, t=1, 2, 


wS'—2)P + pw! “1? 4 gy! pe ee ree w”)=0. 


So denoting the row-vectors of the matrix of the first n columns of 
(7) by al, a?, ..., a", we get 


al twa? twat a HOD Pa =O 

(8 
al tw Pa? + WW? P03 +. oT Pg t=, 
Consequently, two of the «'’s are linearly dependent on the other 
(n—2) a‘’s. Hence the rank of the second matrix cannot be greater 
than n—2. That this rank is exactly n—2 can‘be seen from the fact 
that, the value of the determinant, formed by the first n—2 rows and 
the second 7~2 columns, is equal to one. Again since both of i 


Loft WwW PA, po TDAP 

Lt wt? Ho TP tL Ho TDP G 
hold for all values of q but not for q=p or —p,, the last column of (7) 
is linearly related in the same ways as the other columns, Hence the 


(n—5) R’y-relations for q=1, 2,..., n—1 but # p and n—p, follow 
from (5). Thus the theorem is proved.- 


We next investigate how many and which ones of (1) and (2) are 
independent. We can safely omit one of the conditions of (1) and.two 
of the conditions of (2). For instance, suppose the first n=] conditions 
of (1) and the first »—2 conditions of (2) hold. Then we can S 
as before, that 


Ag=Ag= ... =A, =X (Say) and pg=pg= ... =Ha-1 = (say), 
so that the above 2n—38 conditions can be replaced by 
sy + PS2 + S3 — 0 


Sotps3ts, =0 


(9) 


eessasesessssssecsosoessaceeseszese 


81t a +8n-1 F P8a=0 5 
where p=1—A. 


Adding thes and remembering that x Z =0, we get psy +5o+5,=0 
which ıs the last equation of (1); adding the first n—2 relations of (9) 
we get the (n—1)t -condition of (2). On the other hand, there exist 


i 
| 
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pentagons in which exactly three conditions are satisfied ; we cannot, 
therefore, omit any more conditions of (1). 

We note that in any particular case the number of independent 
conditions may reduce to a number less than 2n~3. For instance, 
in the case of a pentagon conditions (2) become identical with condi- 
tions (1), hence a pentagon is affine regular, if and only if, four of the 
sides are parallel to four diagonais. In the case of a hexagon the six 
conditions (2) reduce to three conditions, so any five conditions from (1) 
and any two from (2) will suffice for the hexagon. 

It may be interesting to see the nature of the hexagon which 
satisfies (1) only, namely 


89 +p 481 +8,=0 (i) S3 +p484+8,=0 (iv) 
81+ po8gt83=0 (ii) 84+ P5853 +8g=0 (v) 
8otp38g3ts4=0 (ui) Sı +pgsgts,=0 (vi) 





Adding (i) and (iv) one gets sı +o484=0 (vii), where c= ps 4 
æ l i 





while (i) and (v) give* =v 989 +s5=0 (viii), where cg= ego 
p 





(al 
and (üi) and (vi) give s3+oesg=0 (ix), where og= pai ; 
P37 
Put ` = pPsT2=ko ZPT Hey —=p3T6 =ke. 


From (i), (ii), (o), (vii), (vni) and (iz) 
koso +s4+s6=0 
So + kas4 + se =0 
8g t84 Fkgsg™=0. + 


For reasons, as explained before, the matrix 


ke. 1 1 
1 k 1 
1 1 č kg 


must be of rank one, whence one gets ke=k,=kg=1. 
So 89 +54 +8,=0. 
Add (i), (iii), (v), and from the sum subtract 2(89 + 84+5,_)=0, then 
P181 + P383 t P585=0, 
5 +s, +8,=0, 


AEFINE REGULARITY OF POLYGONS 55 
The rank of the matrix of coefficients will be equal to one, so one 
gets _ s 


P1=P3 5Ps. 
Hence 











P1=P3=Ps5= 


hold in the hexagon, under consideration, 


Here I take the opportunity of thanking Dr. F. W. Levi, Hardinge 
Professor under whose guidance this work has been done and 
Mr. R. C. Bose, Lecturer of our department, for his kind help. 
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DETERMINATION OF THE GROUPS OF ORDER 180 


By 
M. A, JABBER 


(Communicated by Prof. F. W. Levi) 


Lately? Senior and Lunn have found out a method of determining 
all the soluble groups of a particular order (finite). It is based on 
the formation of intransitive groups by combination of permutation 
groups according to different isomorphisms. The other method 
depends on Schreier’s extension theorem and on the formation of 
transitive permutation groups. Senior and Lunn have given symbolic 
notation for all the soluble groups. In the following pages it has 
been tried to find out an interrelation between the two methods. 

That the solubility of the group is essential in „the method of 
Senior and Lunn follows from the following theorem due to Hall’ ; 

If G is any soluble group of order yz, where yeand z are relatively 
prime, i.e., (y, 2)=1, then 

(a) G contains at least one subgroup of order y, 

(b) all subgroups of order y are conjugate, 

(c) every subgroup whose order divides y is contained in a sub- 
group of order y. 

So if a group G is of order g=az,, where the z,’s are powers of 
different primes, then for each i, a complete set of conjugate sub- 
groups of index x; exists in G and so a transitive permutation group 
T, of order kx, can be formed such that T,“G/C;, where C, is 
the meet of all such T,’s. If R, is an abstract group isomorphic 
to T,, then a complete array of R’s can be found and combined by 
isomorphisms so as to give a group of order g. For a given G there 
exists one and only one such isomorphism, and only one complete array 
of R’s to be combined. Thus picking up different array of R’s and 
different isomorphisms one gets all possible groups of a given order. 

In Schreier’s Theorem method one has to consider the number 
of Sylowgroups corresponding to a particular prime number, 
If the number be only one, ona applies Schreier’s- extension 


1 American Journal of Mathematics, Vol. 56. 
2 Journal of the London Mathematical Society, Vol. 8, 


3—-1374P—2 


58 M. A. JABBER 


_theoreim.! If the number be r>1 then G/H = a transitive permutation 
group of index 7, where H is the meet of the normalisors of all the r 
Sylowgroups and one can get all the groups of this type by Schreier’s 
method. 


In this paper an enumeration of the groups of order 180 has been 
made (§ 1) by Schreier’s extension theorem; the groups are represented 
by generators and relations. Furthermore the mterconnection between 
the two methods has been considered ($ 2). 


I here take the opportunity of expressing my thanks to Mr. P. 
Hall, of King’s College, Cambridge, who asked me to find out all the 
groups of this particular order by Schreier’s method and to my 
esteemed professor Dr, F. W. Levi of Calcutta University, for his 
guidance and assistance in completing the paper in its present form. 


§ 1. ENUMERATION BY Somrerer’s METHOD 


A group G of order 180 may possibly have 36, 6 or 1 Sylowgroups 
of order 5. Each case will be considered separately. 


1. There is no group of order 180 with 36 Sylowgroups of order 5. 


Suppose G has 86 Sylowgroups of order 5, Then G is homo- 
morphic to a transitive permutation group on 86 symbols, This 
permutation group cannot be more than singly transitive, i.e., there 
is no permutation leaving two symbols a;, g unchanged. Because, 
if there be such a permutation « and if H, and Hy be the subgroups 
leaving 4, and ag respectively fixed, then « would belong to Hy AHa. 
But H} and Hy are each of order 5, hence the meet is the identical 
permutation. -So « cannot be different from 1. Such a permutation 
group of degree n has? exactly n~1_permutations which-displace 
all the. symbols and these. n—1 permutations together with. the 
‘identity always form a normal subgroup.? Since-no permutation 
leaves two.symbols-unchanged, the subgroup. H that leaves one 
symbol invariant must permute the remaining »—1 symbols and 
is mtransitive. Hence if nm be the order of the group:G, then H 
permutes the remaining n—1 symbols in set of m, so that m isa 
factot of n—1 and is prime ton. Because, if H, be a transitive consti- 


1 W. Zassenbaus: Lehrbuch der Groppentheorie. Vol. 1 Kap. IIT. §6. See 
Schreser’s papers in Mcnatshefte fur Math. u, Phys. Bd. 24 and Hamb. Abb. 4, p. 321. 

2, Burnside: Theory of Groups. 2nd Edition. §§183-84. Frobenius: Uber 
auflésbare Gruppen IV. 
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tuent on « symbols, h, be the normal subgroup that changes these 
x symbols.only, y, be the normal subgroup which keeps all the « 
symbols unchanged, then the order! nz of H=ny,ny,. In this case 
nya=1, Hence the order of each transitive constituent of H is the 
same as that of H. So the symbols of H are divided into sets 
of ng=m. 

The orders of the permutations whigh leave one symbol unchanged 
are factors of m. Hence the n—1 permutations which displace all 
the symbols and the identical permutation are al} those satisfying 
S"=1, No permutation which leaves one symbol unchanged can 
be permutable with any permutation which displaces all the symbols, 
hence the number of those which belong to any conjugate set? isa 
multiple of m. 

Let p“ be the highest power of a prime p which divides n, so that 
(m, p)=1. The number of permutations whose orders divide n/p* is a 
multiple of this number,” say kpn/p*; (kp<p*). kp cannot be equal 
to p*, because in that case all the n permutations would be of- order 
prime to p, which is contrary to Sylowtheorem. The number of 
permutations whose orders are multiples of p is therefore n—k,n/p*. 
This number must be a multiple of m. Hence, since (n, m)=1, m 
is a factor of p*—k,, where k,<p*. 

Applying the above in case of the group of order 180, we see, by 
taking p=2, m=5, that 5 divides 22—k, for some value of ky<4. 
This is impossible. Hence there cannot * be such a group of order 
180 with 36 Sylowgroups of order 5. 


2. There is exactly one group of order 180 with 6 Sylowgroups 
of order 5. 


Let G have-6 Sylowgroups of order 5. Then, if H is the meet 
of the normalisors of these.6-Sylowgroups, then G/H a transitive 
permutation group of degree 6. Such a permutation group G’ should 
either be primitive or imprimitive. But there are" only two types 
of primitive groups of degree 6, and these are of order 120 and 60. 
Ii G! be imprimitive there would be either 2 or 8 systems of impri- 
mitivity and G/ would be homomorphic to’a group of degree 2 or 8, 


1 Burnside : loc. cit. §144, Also §2 of thie paper. 

2 Banside : loc. cst. § 184, 2 

3 Carmichael: Groups of Finite order. §22. Also Burnside, loc. cit, §48. 

4 Miller, Blichfeldt and Dickson: Theory and Applications of Finite Groups. 
Chap. VIII, §74. 

5 Burnside: loc. cit. § 166. 
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go it would contain a normal subgroup of order 90 or 60 (or a multiple 
of 60). The permutations of tbis normal subgroup would permute 
the symbols of each of the set of imprimitivity among themselves *; 
hence the order of the norma! subgroup cannot exceed 3!. So there 
cannot be any imprimitive group of degree 6 and order 180. Hence 
the order of H must be>1, and it must be 2,8or6. (5,10 and 15 
are not tenable since in these gases H would contain a Sylowgroup of 
G which is impossible.) 

Before considering the exact order of H the solubility of G will be 
considered, Ina soluble group the number of Sylowgroups of order 
p” is always a product of prime powers, each of which = 1 (mod. p). 
In this case G has only 6 Sylowgroups of order 5, which does not 
satisfy the above condition. Hence allsuch groups are insoluble. 
Since Gis insoluble, H being normal, G/H is also insoluble. But 
there is no insoluble group of order 90 or 80, ‘the only insoluble group 
of order less than 100 is? of order 60. Hence H is of order 8 and 
G/H = insoluble group of order 60, i.c., the icosohedral group. Since 
G contains 6 Sylowgroups of order 5, which generate G, where 
GH=G, so H centralises G as well as‘ itself ; hence Hc Z(G), the 
central of G; again since G/H issimple H > Z(G). Therefore H=Z(Q), 

From Schreier’s theorem * it follows that there exists a sub-group 
a G, = G/H, i.c., an icosohedral group. H then centralises such a 
sub-group and G is the direct product of H and an icosohedral group. 
Thus there is only one group of order 180 with 6 Sylowgroups of 
order 5. 


8. There are 36 non-isomorphic groups of order 180 with one sub- 
group of order 5. Before considering this case a brief demonstration 
of Schreier’s extension theorem wili be given. 


SCHREIER’S EXTENSION THEOREM* 


. Let H and K be subgroups of G, such that HAK=1, and HK=G. 
Then H and K are said to be complementary in G and each of these 
subgroups is called the complement of the other. If H is normal in 


` 1 Burnside: Toc, cit. §148. 
2 Bélder: Mathematische Annalen, Vol. 46. 
‘3° Schreier : Monatshefte fur Math.u. Phys., Bd, 34. 
4 Zassenhaus : loc. cit. 


=, 
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G, then} G/H=K. Every element in G is uniquely expressible in the 
form h,k,, where hy is an element of H, and k, is an element 
of K From Ke G/H the product of any two such elements 
(hy ky hgkg)=hy(kyhok])kyky can be obtained ; kko is known 
from the structure of K~G/H and k,h,ky1 is an element of H 
and is known if the ‘automorphisms of H which are associated 
with: the elements of Kare known. Hence given a normal sub- 
group H and its quotient-group KZ G/H, the structure of G is 
uniquely determined when the automorphisms of H associated with 
the elements of K are known. If 6, be an automorphism of H 
corresponding to an element k of K, i.e., tok -1hk, then the corres- 
pondence k—>6, gives a homomorphism of K onto a subgroup of the 
group of automorphisms of H. So inorder to find out the structure 
of G the above homomorphism will have to be considered. 


Conversely, given’H, G/H and any homomorphism of G/H onto a 
subgroup of the group of automorphisms of H, there exi: ts a corres- 
ponding group G which«contains H as a normal subgfoup and in which 
H is complemented. 


In the present case H 1s of order 5, G/H of order 86. The group 
of uutomorphisms of H is of order 4 and is cyclic. Different struc- 
tures of G can be determined by considering different groups of order 
36 and also different homomorphisms of these groups of order 86 onto 
a subgroup of the cyclic group of order 4. So before determining all 
the groups of order 180 the groups of order 36 will be obtained and ` 
represented by generators and relations. ‘That there are 14 essentially 
different groups of order 86 has already been stated by G. A. Miller.? 


Groups of order 36 


These groups will be classified according to the number of Sylow- 
groups of order 9. There may be 4 or 1 such Sylowgroups. 


(a) If the group G, of order 36 has 4 Sylowgroups of order 9, then 
there exists a transitive permutation group G,/H on 4 symbols, 
where H is the meet of the normalisors of the 4 Sylowgroups. H 
cannot be of order 1, because GS, (the symmetric group on 4 symbols) 
has no subgroup of order 86, The order of the normalisors of the 
Sylowgroups are also 9, i.e. the Sylowgroups are their own 


1 Andreas Speiser : D'e Ti eorie der Gruppen von endlicher Ordnung 2nd Edition. 
Theorem 24 and 25. i 


2 American Journal of Mathematics, Vol. 52, 


N 





` 
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normalisors; so H belcngs to all the Sylowgroups of order 9 and is of 
order 8. So G,/H = a transitive permutation group of order 12, i.e, 
the alternating group of degree 4. Since His of order 8, let 1, p, q= p? 
be the elements of H. Then p. q are either conjugate in the group G, 
or they are each self-conjugate (H being normal), The Sylowgroups 
being their own normalisors and Abelian, p and q belong to the 
central of each Sylowgroup and they are conjugate in G, if and only 
if they are conjugate in the Sylowgroups. Hence they cannot be 
conjugate in G}. So they arè self-conjugate in G; or HC Z, the central 
of G,. The tetrahedral group has the following generating relations :— - 


s2=12=ù3 =], 
st=ts, u~'su=t, u`lHu=st, 


and it has no proper central. Hence G,/H has the centrali, ie. 
Zc H. .. H=Z. Hence, in this case, each element of the tetrahedral 
group G,/H correspond ‘to the identical automorphism of H. SoG, 
is the direct product of the tetrahedral group and a group of order 8, 
Since the tetrahedral group has a subgroup of order 3, there are 2 
cases—when H and the*subgroup of order 8 in the tetrahedral group 
generate a cyclic group of order 9 and.when they generate an elemen- 
tary Abelian group of order 9. Thus the two groups in this case are 


Ay) s? =t? =r], 
rt=tr, sTlts=r, s~lrs=tr, 
As) sfos§—i?=72=1, 


8189= 898), tr=it, Sgt=t8o, Sol=18q, 


ajlts,;=7, sjirsy=tr, 
(b) Groups with one normal subgroup H of order 9. 


(1) H: cyclic. The group of automorphisms of the cyclic group 
- of order 9 is a cyclic group? of order 9(9)=6. G,/H is of order 4 and 
may be-eyclic or Vierer. Since the group of automorphisms of H 
does not contain any element of order 4, the elements of order 4 
` (G/¥ is cyclic) or of order 2 (G,/H is Vierer) will correspond to the 
automorphism of order2 or leach. In the latter case, the group G; 
is the direct product of the two groups H and C4 (cyclic group of order 


. 


l Qpeiser: Loc. cit. § 23, 
3 Speiser: Loc. ctt. § 18. Die Galeisfelder und Reste nach Primzahlpotenz. 
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4) or VZ (Vierer group) as the case may be. Thus the four groups in 
this case are i 
As) 
Cy x C4. 
i Ay) 
Cg x Va. 
5) i 
g9=t*t=1, to lst= 57}, 
Ag) i 
x s?=i2=r?=], tr=rt, tst=87l, rs=sr. 

(2) H: elementary Abelian group of order 9, A homomorphism 
of the group of order 4 onto .a subgroup of the group of automorphisms 
of H shall have.to be found out, The group A ofthe automorphisms 
of H ist of order (9—1)(9—8)=48. The group A can be represented as 
a transitive permutationgroup on 8 symbols (the elements of order 8). 
The order of the subgroup that keeps one symbol fixed is 6 and it is 
the symmetric group of degree 3. H has got four subgroups of order 8, 
and by any automorphism these subgroups will be interchanged among 
themselves, i.e., by any automorphism such & subgroup will either be 
transformed into itself (so that the two elements ‘Will be interchanged) 
or will be transformed into some other (i.e., the two elements will be 
transformed into 2 other elements). Thus the 8 elements of order 3 
fall into 4 sets of 2 each, such that by any automorphism, a system 
is either transformed into itself or into any other system. Hence the 
corresponding permutationgroup is imprimitive, having 4 systems of 
imprimitivity, each system. containing an element and its inverse. 
The normal subgroup formed of those permutations that permute the 
symbols in each system among themselves is of order 2, and is the 
central Z of the group A. A/Z is of order 24 and is = transitive 
permutation group of degree 4. Hence SORS the symmetrie, 
group of degree 4. 

GS, has? 8 octic Ai and 4 Sylowgroups of order 3. 
The three octic groups havea Vierergroup in common and this 
Vierergroup V contains elements of type (2°), 

To every subgroup H’of GS, there corresponds a subgroup cH, Zh 
of A of double the order. Thus there are 8 subgroups of order 16 with 
acommon subgroup-of order 8, generated by {V, Z}. Hence {V, Z} 

= contains 3 cyclic groups of order 4, so it is the quaternion group Qs. 
1 Speiser : Loc. ct. Kap. 9. § 48, 
2 Miller, Blichfeldt and Dickson: Loc. cit. § 2. 
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The elements of type (4) in GS, correspond to the elements of 
order 8 in A, and those of type (122) to (2). If ais an automorphism 
of order & then a? lies in M=Q and M bas 8 subgroups of order 4 
containing {@}=Z, all of which are conjugate in A. Corresponding 
to the three subgroups of index 2 in the octic group there are 3 
subgroups of index 2 in the Sylowgroups S of order 16 in A. These 
are M, the cyclic group {a} and éhe remaining one can be found from 
the following consideration. If L is that subgroup of order 8, it will 
be isomcrphic to a permutationgroup on 4 symbols, s, s?, t, t? if 
H={s, t}. Henée L ~ a subgroup of G84, i.e., octic. Thus the 3 
subgroups of index 2 are M (quaternion), {e} (cyclic) and L (oetic). 
Since M contains a?, M and {a} has only one element of order 2; M 
has 8 cyclic subgroups of order 4, all conjugate in A and {a} has only 
one cyclic subgroup of order 4 which must liein A. Thus A has a 
single class of cyclic groups of order 4. The homomorphism in this 
case can only be with a cyclic group of order 4, an element of order 4 
either corresponds to an automorphism of order 4 or 1. The two 
groups are 

® 
y An) 
s38=i3=rt=], 
rs= sr, tr=rt, st=ts. 


Ag) 
s3 =t =174 =], 


rlsr=t, mTlir=8?, 


A has again a single class of V4, the subgroups in L. The groups in 
this case. are 


Ay) 


S8ai=artaur=l, 

rstr=s7}, rtr=t7l, usu=s7), ut=tu, 
= Ajo) 

Ey x V4, 


Ey =elementary Abelian group of order 9. 


L has 5 elements of order 2, one of which is {8}, four others are y,, 7,8, 
Yo, Y2 B conjugate in pairs in L. yı, yg are conjugate in A, because 
{y1,8}, {Y2 8}, ere so. Hence altogether there are 2 distinct classes ` 
of conjugate subgroups of order 2 in A, viz. {8} and the class to which 
yı belongs. : 


. 
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Thus 4 groups of order 36 are obtained by using automorphism’ 
of order 2 on an elementary Abelian group of order 9. 
A11) 
si=ti=pi=i, 
gUsr=g 7h, m lipet}, 
A l 2) N 
s3=t3=rt=]1, ° 
m lsr=s™l, ri=tr. 
A13) 
s= =ru], - 
rsr=87], rir=t!, usssu, ut=tu, ru=ur. 
Ay 9 s 
=t =r mu], 
rsr=s7l, it=tr, us=su, Ut= tu, ru=wur. 
So there are 14 groups of order 36. 6 of these Az, Az, A7, Ag, Aip 
Aye with cyclic Sylowgroups of order 4 and the remaining 8 have 
Vierergroups, as Sylowgroup. 


Representation of the groups Gigo of order 180 with one 
normal subgroup of order 5 


The group of automorphisms of a group of order ð is a cyclic group 
of order 4, and, to determine all the groups of order 180, one has to find 
out the different possible homomorphisms between the above 14 groups 
of order 86 and subgroups of the cyclic group of order 4. The 
homomorphism can only be established between the Sylowgroups of 
the groups of order 36 and the cyclic group of order 4. Those groups 
of order 36 which have cyclic Sylowgroups of order 4 give rise to the 
folowing homomorphisms: 


(1) The elements of order 4 may correspond to the identical 


automorphism 
(2) er is ne automorphism of order 2, 
(3) ee a ri see of order 4, 


where the group of automorphisms is the cyclic group of order 4. 

So there are 18 groups of order 180 which have cyclic Sylowgroups 
of order 4. The other 8 groups have Vierer Sylowgroups. The 
consideration of these 8 groups will be divided into..3 parts : 

(a) If the two generating elements of the Vierergroup have the 
same relation with the other elements of the group of order 36 {these 
are A, and Ajg) l 


4—1864P—2 


, 
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then, either 
(1) both the elements correspond to the identical automorphism 
or (2) one element corresponds to the identical automorphism 
and the other to an automorphism of order 2. 


So there are 4 groups of order 180 in this case. 

_ (b) If the generating elements have different relations (as in Ag, 
Ag, Ag and A4), one more homomorphism is obtained by inter- 
changing the elements in case (a) (2). 

So there will be 12 groups of order 180 in this case. 
(c) The other 2 groups have each a Vierer normal subgroup and 
the case (2) is not applicable in this case, since these groups are 
A,) ` 
s=? =r? =], 
s-lis=z, s-1rs=tr, 


and . Ag). 


If now r corresponds to the automorphism of order 2, then 
r*“lPr=P-!, where P®=1, 
tP=Pt, sP=Ps, 
(s~!¢s)~} P(s~!¢s) =s—1¢71(sPs1)ts = s~1t-1 Pts =s-71Ps=P 

whereas s~!ts=7 and +~!Pr=P-!. This is a contradiction. 

So in this case the elements of order 2 correspond to the identical 
automorphism. Thus there are 2 groups in this case. i 

So altogether there are 18+4+12+2=86 groups of order 180 with 
a normal subgroup of order 5, and one with 6 Sylowgroups of order 5. 
The 87 groups will be represented by generators and relations. 


§ 2. INTERRELATION BETWEEN THE Two METHODS 


Let G be any intransitive group of degree z; +a on two systems 
- of intransitivity, zı symbols a’s and zo symbols f’s. 
Let yı be the normal subgroup cf G which leaves invariant all the 8’s. 
g2 sss sae EP oe vee a’8, 
The totality of different permutations on the a’s alone, each of which 
is preduced by an element of G, forms a permutation group G, on the 
a’s, such that Gy Z G/ga. Similarly, if G isthe permutationgroup 
formed by the permutation of G when their effect on the 6’s are left 
out of account, then Gg 2G/g,. Also G/gy xg Z G1/91 Z Gallos 
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and the permutations of G are given each once and once only by 
multiplying each permutation of G, with the corresponding (gg :1) 
permutations of Gy. IfG has more than two systems of intransitivity, 
the general case is !: “ 

if (1) G, is what G becomes when the permutations of G are 
performed on the 78 set only, 

(2) I’. is what G becomes when the permutations of G are 
performed on all the sets except the rt, 

(3) g, is that subgroup of G which changes the symbols of the rt 
set only, 

(4) y, is that subgroup of G which keeps all the symbols of the rt 
set unchanged, 
then Grige sof a 
and the permutations of G are given each once and once only by 
multiplying each permutation of G, by the (y,:4) permutations of 
T, that correspond to it. 

Conversely,? if G and H are two permutationgroups on different 
symbols, such that to each permutation of G there correspond m 
permutations of H and if to each permutation of H there correspond 
n permutations of G and if this correspondence satisfies the conditions 
of homomorphism, then, if each permutation of G is multiplied 
successively with the corresponding permutations of H, the products 
will form an intransitive group with G and H as the constituents. 

Let the case of only two intransitive systems a’s and 8’s be 
considered. Gy, has effect on the a's only and is transitive in them, 
and so also is g}. Hence G,/g, has effect on the a’s only. Similarly 
Ga/g has effect on the 8’s only. So every permutation of G,/g, 
is permutable with every permutation of Gq/gg. 

Hence in the isomorphism G1/91 Z G2/92 


if a—>a! 
b—>b! 

then ab—>a'b! 
and aa'bb! = aba/b’. 

So if hy is a representative of a class of G,/9, 
and he a ss Go/9o, 
then the set H=(hyh,)=(h) forms a group. 

From G/91 x92 = 61/91 = Ga/92 ZH TE) 


1 Burnside: loc. cit. §142-48-44, 
2 Netto: Substitutionentheorie. § 93. 
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G can be obtained by Schreier’s method, if a homomorphism can 
be established between H and a subgroup of the group of automor- 
phisms of g} Xgo. The number of non-isomorphic G’s will depend 
on the number of non-isomorphic H’s and different homomorphisms. 
From the method of its formation H is unique (in the sense of 
isomorphism). Hence the number of G’s will depend on the number 
of different homomorphisms. 


It will be proved here that there is only one homMomorphism 
between H and a subgroup of the group of automorphisms of g; x go; 
so that there is only one G with relations (1). 

Suppose h=h,hy. Smee g, and go are not isomorphic, they can 
not be transformed into one another by any automorphism. So to 
each h there will correspond an automorphism of gy and an avuto- 
morphism of gg, 


ie., h`lgih=g;, ho-lggh=Qg. 


But . hlg h=hz! hilgihihg=hzt giko. 

Again . 91 has effect on the a's only, 
whereas GelJe si ... B's 
3 ho am n. oi 


Hence ho is permutable with every permutation of g}, i.e., ho 
corresponds to the identical automorphism of g} and tothe auto- 
morphism hg1gohq of go. 

Thus to the elements of H there corresponds only one automorphism . 
of 91 XJq. * 


With the notations h~gh=g** and G,=G7} 
12] 

z 1 —QF2 
Tan G ra 


one gets the theorem : 
Theorem, 


The generating relations of a= (Gile, : Gêr ks are 
O {91 92}=9: x90 


6 6 8 8 
(i) A hy. got hg 
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where 91, Jo, 21, ito, 6, have the same meaning as before, and 
Gr = tbe transitive permuitationgroup of degree x and order ke 


371. G®2 
kya," ~ katy 
together by isomorphism according to a quotient group of order kg. 


Jks denotes that the two -groups are combined 


e 
Grours oF ORDER 180 


nn a nema tpn eal 














x I 
I Brow al Tatrauauive groups PR a relations 
1 As (Gt: GS: G8), (a) P*=7* =8° =1, rs=sr, sP=Ps, rR =Pr. 
9 i (G1: G5,),: G8), (0 s=r ==], rs=sr, sP=Ps, r*Pr=P->, 
3 n (G55: G4), GE), le) | PE =rt=s SIl, ssr, p r` tPr=P°. 
4| a, (GEGA GN, b) = 1"'sr=e7!, sB=Ps, 7P=Pr, 
5 7 (G4 o:G $0) a:G$)2 (d) Si tps Pot 
6}, [MB So:G4) sO Bade (P) sy x oF PPSPs, 
7 A, {a) Po=s?=g3=r*=1, rs, =8,r, TP=Pr. . 
8 j te) ee a.o rPr=P + 
9 e) pan ao PPP, 
10 A, (GS Gih: G83 h) | P5 =s] =s3=r*=1, rts, =S, r'sar=8], 
rP=Pr. 
IL i (G3. Gi: Gio (i) a aes we T7Pp=Po} 
12 7 ((G55:G4),:43,), (9) is Se os r Pr=P?, 
18! An’ (b) P’ =rt =} =s] =l, S,S3™8S1, 9,1P=PS,, 
T isir=s71, rP=Pr, 
14 ` (a) ove one we. 7 'Pr=Prt 
15 s f) ss E a. T 'Pr=P?. $ 
16 Aye (b) Pi=;t=si=si=],8,8,=5.5,,6,P=Ps,, 
T 18,7=S7), TS.=8gr,TP=Pr, 
17 3 (@’} wer tPrp=Pm?, 
18 5 (if) wis as we 77) Pr=P*, 
19 A, (a) P§=s%9 =r? =t? =], rt=tr, rs=sr, sP=Ps, 
tP= Pr, tP=Pt. 
20 (c) rPr=P7', tP=Pt. 
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Representation by A : 
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Qt Aye [| (a) P= == ®=tt=], r8, =8,r, ts, =S, t; 
e S:a =SaS1s TL=tr, TP=Pr, EP=Pt 

22 ” fe} vie sei rPr=P~), tP=Pt, 
28 Ac (b) Pi=g8 =p? =f =I], rt=tr, ist=s 3, re=er, 

. rP=Pr, tP=Pt. 
24 ” (Bo: G8 oli: Gt) (2) ; ais sie rPr=P"', tP=Pt. 
95} 4 (a^ 53 a fP=Pr, tPt=P-?. 
26 Ay th) Pi =s =s =r tt, rs rE, ist=8t, 

. ts,=8,t, tP=Pt, rP=Pr. 
av| ,, (1) ” cag P= Pt, rPr=PMt, 
28 ” . () ss es tPt=P!, rP=Py, 
29] Ais ' (b) Po=st=st=)*=t'=], rs,r=si , isf=s,t, , 

° > +2 7P=Pr, tP=Pt. 
Y “ 

30 (d^) ee eis .. rPr=P"), tP=Pt." 
81 " (a) k ile. ie a TR=Pr, tPt= Po!” 

82 Ayes k (b) Poasi=shert=—tt=], rsyr=s]), 14 8qr, 

7 ts, ==s,t, r(P=Pr, tP=Pt, 
38 n (a) ia ses n. rPr=P"', tP=Pt, 
34 „n id”) tee ave eee rP=Pr, tPt=P"', 


85, A, |((Gfa: Gs: G8), Gj) | Pe =s° =r? =t! =], ri=ir, sP=Ps, s-'ts=r, 
8 rs=tr, rP=Pr, tP=Pt. 
86 11) PE =s} =83 =t Ht er], rt—tr, $$, =8,8 45 


8, P=Psji, aot =t8q, IT =TS a, S] ts, =T, 
sirs str. 


x Pe =51 =s} =1, 6, P) =1, s, P=Ps3, S15, =8381 
. Direct product of the icosohedral group and sì =1. 





The notations (a), ‘(b), ..., ih) are taken from Senior and Lunn’s paper, American 
Journal of Math., Vol. 56. 
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The insistent need of having a suitable measure of the divergence 
between two or more multivariate normal populations, once a sigmfi- 
cant difference between these has been established, led Professor P. 0. 
Mahalanobis? in 1927 to develop what has now come to be regarded 
as the ‘Mahalanobis’ Generalised Distance” or the D?-statistic, 
Mere tests of significance do not completely bring to light the exact 
nature of the difference between the two populations, unless an 
estimate of the magnitude of that difference is, imsome way, obtaina- 
ble, independently of the sample size. This statistical object has 
been very aptly achieved by this statistic. 

The moments of the D2-statistic were first worked out by the 
author of the measure himself! who also laid stress later? on the 
possibilities of its wider generalisation. On the assumption of the 
knowledge of the system of variances and ccvariances of the two 
populations concerned in the construction of the D®-statistic (the 
classical D?), its sampling distribution was first’ worked out by 
R. C. Bose? and critical study of this distribution law was then made 
by 8. S. Bose. Later on R. C. Bose* also showed thatthe mean of 
independent samples, drawn from the D?-population, also followed the 
same general law. | 

When. however, the system of variances and covariances are not 
known, they have to be estimated from the samples. Consequently, 
for tests of Significance, an exact distribution of studentized D? is 
needed. This was worked out by R, C. Bose and 8. N. Ray® in 1938. 

In this paper the distribution laws regarding the classical D?- 
statistic have been obtained by the method of characteristic functions, 
and two new distribution laws have been obtained—those for the 
difference and quotient of two independent values of D?. It has been 
shown elsewhere’ that the moments of D?, obtained previously by a 


72 M. P. SHRIVASTAVA 


rather long process, can easily be obtained by expanding the Loga- 
rithm of the corresponding characteristic function. 


1. Definition of the Characteristic Function 


Tf f(a, gay ., Xp) represent the frequency function of the variates 
Ly, Zos- Lp, SUCH that ` , 
SS. S lE Eos ERs ey)da,dte...dz,=1 we (1) 
R 


where R is the region of applicability off (£1, £2,...: &p) then the 
characteristic function (c.f.) of the system x1, £o,... p is given by 


p 
plti te,.--, n= (Èf Z tæ }f(ey,..., epdzy...de, (2) 
p=l HR . 


R 
where t’s are real quantities lying in the suitable range, generally 
(—ov, œ). We may also write this in the form 


ott U toy. at aÈ (- exp {i 3 t B? Aa f(ey,.. *y pdg.. dE p, 
-£ - 


-X R= = 
provided we agree that f(z,, or., aN the-region R. 
The relation between f and ¢ is given by the Fourier-transform, 


f(&y,2Qy..0, Lp -(2) at J (eri 2s z t g alre ae 


Again, if Ue ies Zoso Lp), (u==1, 2,...,7) be functions of the 


variables x,,..., čp whose distribution law (d.1.) is f(@,, Zos... £p), then 
the c.f. of the d.l. of U as is given by 


glt tores ef ç- Bar z ae U wo ftis Toy... Lp)dxy...day. 
=x =e —o (4) 
and the d.l. of the U’s is given o 
PIU), Va (Ef { (æi n U prbl it, )dt,..dt,. 
(z:] 
ae -æ —o . (5) 


2. The multivariate Normal Population ` 
The normal population in p correlated variates is given by 


DE D a 
J= 2a) ?P | ay | Aap! po a tiie a aL, (8) 
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’ 
where my isthe population mean of the p* variate, o,,=7,7,py, Where 


T, is the standard deviation of the pt character, p,,, is the coefficient 


of correlation between the u'* and the vtt character and 


cofactor ofa inja | 
py pv 





[a 


p 


If we write 8 m for a*”, and denote 


Š, a ; By @, (x =m Ne, =m) 


by B (2~m, e—m), where B= ve, ll is a metrix of the positive 


definite quadratic form to which this expression refers, then (6) can 
be written as 


f= (2r) P | Bay J + exp{-4B(2—m, x—m)}. . (7) 


With respect to (7) three standard results? have to be noted. 
That ` 


(: fæ- 3łB(æ—~m, s—m)} ft dz, = (27) ap | B, ae. . (8) 


=e) = p=l 


is very obvious. 


Next we find that 
Bia~m+U, c-m+t/) 


Pa mi 2 
=>, à Piri mi + "al (e, mit v 


lv 
=B(r—m, a—m) +2 f t (x -m )+BL(t, t), 
c We B 
whore 


t = $ B, „t, and sot = 3 Bt 
E ysl F yal 


5—1874P--2 
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ond ` p. p a 
B-t, j= 3 5 ptt =B(v, t); 
hal a 1 Key 


ie, B-l(t, t) is the reciprocal quadratic form. Hence we have an 
important relation 


O0 . 2 p p 
-4Ble- = +1 t — 7 dæ“ 
y exp{ -4B(z-m, x>m) +i = i har yee a n 


4 
=n)? [81 eap {-43B 0). o O 


Again, if a random sample of sizen be drawn from (7), and t, 
dénote the sample mean of the pt! character, u=1, 2,....p, then the 
d.l, of æ is.given by 


F= (Qn) 2? [a8 14 exp {-4nB@—m, z—m)}. ... (10) 


3. Distribution of the Mean Difference 


Tf we bave another normal population of p correlated variates 
aly, Zo, 2p and ifsa denote the mean of the p th character z'u for a 
random sample of size w then, the d.l. of æ' is, like (10), given by 


P=? | WB ay | a exp{ ~4n'B' (a! —m', F-m}. w (11) 


From (10) and (11) we find that the c.f. of the d.l. of the 


differences e -x ea, 2,...5°p) is given by < 


pilt bas of (E m i de dæ . -exp{i $ e, -x a)? 
-08 ~ 0 # p- Tp=l B 


ae £k f TH la J t et SA S (æ RT 


i 5 - Ta 
=eap [i $ t Pisa =m po HOB » t+ 
: - nae i 
i amie, ƏH, ... (2) 


5 


~y 
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in virtue of (9), where (nB)—' and (n/B)~! are the reciprocal matrices 


of Il ney Il and I WB y ll respectively. 


Combining the two matrices jn (12) we can write it as 


P 
$1 (ty, ty... tp =exp{i E t (m -m )—4CF, t)}, .. (18) 
pal P PFP B 
where it can easily be verified that C stands for the matrix |] Yav Il 


al 





a A 
where y =—/*+— +") with the corresponding determinant 
pv n ni f 
| tuy er 
Vie dO hg aera 











Applying the inversion formula, we find that the d.l. of the differ- 


ences © —a! =1, 2,..., P) is given b 
ee p) is g y 


F= a tef (--f Pilti borer tp) š 


p we a e 
xexpi~id, t (a =æ )}. IL dt 
p=l RoR FYp=1 # 


= (2a) 9? hul step -407E -M, x-0), ae 8 


t 


where we write X forg —z! andM .for-M —M’ and where C7} 
B K PF B Bp 


again stands for the reciprocal matrix of C. 


In the special case, in which we are more interested here, namely 
when the system of variances and covariances of the two populations 
given by (10) and (11) are the same, i.e., 


(14) reduces to -- 


— (97) TEP Z 
fi = (2a) Ee, 





è z 
exp -gB M, X-M)>, sss (15) 


2» Í 
where a+, 
n -n 
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4. Distribution of the Classical D?-Statistic 


When the two multivariate normal populations, each having the 
same number, p, of -correlated variates, say £i, Zos.. p, and 
11, Z'a, 2 p, have the same set of variances and covariances, namely 
an but different means n and a (u=1, 2, ..., p) then D? is 


defined by the relation 


D?=D?—2/n, i (7) 
p p 
where D?=1 5 . 5a”X x =1BR,X), .. 8 
P p= fsi Box | 


vhe symbols involved being defined as in the above sections. 


Likewise, the generalised distance between the population means 
is given by 


A3= EBON) 9 


From (15) and (18) we find that the c.f. of the d.l. of pD? is 
given by 


a% fo) a0 = p 
a(t) = sv fy-exp(itpD?). IL dX, 
-04 -04 —o pol 5 ; 








= (an) TP “oxo BX, Xy-25 XW ` 
2 Buy ao p=1 # F 
i P 
velo Tl dx, (20) 
pal © 
De. 
where M = 3 =8 
B p= 1 2 pv pv 


l E 
Tf we write G=|| Iny ll, where si it Jev 


(20) reduces to 
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p es p 
exp, —3G(X,X)+ 5 3 M |X > II dz 
oe ke pol Kj E pel # 


ol eae T wi) 


1 e 
ee = 
=(= k A ep- Fpa + 2 Bam) l 


T 








[ee f. 























n —4it 8 n —4it 
a ap a ay 2 
=|” enpi- "pry PA? : ws (21) 
n—4it } 4 4(n—4it) 


The distribution law of pD? is therefore given by 


— A? D 
PODA =(n)iPe E” if (n~ 4it) TEP i 


2 2 
x ezp} —itpD? + ACA Cae. (28) 
4(n—4it) ` 
Putting pD?(n—4it)/4=T, 
this becomes 


-ıp ZPA? +D?) a(p-2 
PPDP) =} (+P. e ane "(epn e 








4 
PDin+ eap! py te pP ADE 
4T 
1 
a dT. 
x D T (23) 
pDi, T 
~M = to 
4 


Since the integrand in (28) is regular throughout the T-plane except 
at the points 0 and oo, we can, by Cauchy’s theorem, change the path 
of integration from that given above to the one which starts from 
—100, encircles the origin once in the positive direction, and finally 
- returns to —100. Hence we can write (23) in the form, 


(0 
P(pD})= arf “pow, ap vs MeDIO® ran 24) 
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where H=} (n mP (yD D?/ gee o= y p(D?+ A?) ; 


But we know that 


(0+) A ened 
a reepjes te atm Gert) ve (25) 





Sii - o - | 


Hence the d.l. of D? is given by 


i n v3 
` = ——p(D? +A?) 
Paj agt- 4° 3 OP RIDT 
2D} =Ppg an P-A. Ho-a FY ADE 
` (26) 
Finally, putting Dł=D?+4, we get the d.l. of D? as 
oe eel lipucd np D24 A242 
P(p2) "22D? + 2 a P a pE 
: ce: nA2 
2| p2 
p igs heat DAL al pax? \| [> + J ive (27) 


as given by R. C, Bose. ë ~ 
In the special case, when ` A?=0, the c.f. of the d.l. of pD? 
reduces to ` 
'e(t)={n/(a— ine ... (28) 
so that in this case the d.l. of pD? is given by 


e WA 2 
PpD} = 2 ee itpD? dt, 
2r Jo \n—4it 





ponme ` i 
which, after putting j(n—4it)pDf=—T and suitably changing the 
path of integration (which is permissible), becomes 


P'(pD 2) 1 (je? (pD? 144P- 1 -npD?/4 n Lo- aP, =F dt 


“OR 


- EP pnpa? 1, PF4/ pgp, 4. (29), 
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Hence the d.l, of D? is given by 


PDD = lay (2) e7 ppe- ae) 


and that of D2 by 


: Pl p3, 2 —2) 
Pi(D2)= mo? Eo a( = pna). < (81) 


ae 


5. The Distribution Law of the Mean D? = 


. Let there be k pairs of independent samples drawn at random from 
the same pair of p-variate normal populations, as used ‘gbove, giving 
us the k values of D2, viz., 


D?,, D23, esasossso , D? , . 
D?, standıng for the value of D? from the ktt sample. 
Then it is easily seen from equation (21) that the c.f. of the d.l. 
of the mean D?, 
1 k 
where ?=— J Dz, 
eel tle 


is given by 


sat = (nee A ‘i _nkph?, Wntpra2| (22) 
npk — 4it - D E z A(npk - 4i) 


bs 


From the forms of (82) and (21), we fnd at once that the d.l. of 5 
is given by E 





Te o- : ee .. (88) 


“sy 
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x naa VEDET, (84) 


Similarly, it can easily be seen that when A?=0, the d.l, of D 
is given by 








6. Change of notation 


For convenient handling of the mathematical processes, we shall 
from hereonward use transformed forms of the distribution laws given 
in (26) and (80). f 

If we set 


m=4(p—2), o=, q=2oA, and D?=2, ... (86) 


the equations (26)-and (80) transform into 


P(e) =Hy,e7*72 "2g va), BT 

where Hy =(2/q)".a™tle-97 142, ... (88) 
m+] - 

H = 2 —azr,.m ` 

and P(x) na e (89 


respectively. ; 

Again, it may be noted here that, although we have obtained (81) 
independently of (26), is could have been derived from it by making 
q tend to-0, remembering that 


QE Ia(s) 1 
pe roo S s.. (40) 
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In deducing,results for (89) from the corresponding expressions for 
(87), we shall now make use of the relation (40). 


7. The Distribution Law of the Difference 


Suppose now that we have two independent observations, x, and 
£o, made on the population zepresenicd by (87): to find the dl. of 
their difference, - 
u=g;—-2, U>0 we (41) 


Then it is easy to see that the c.f. of the d.l. of u is given by 
' TE ( we a (98M 
oJ 0 


x Inla V 2 )Im(Q NV Todzi deg 


a2 mri sas 2 R ë 
(3) ai es are rr ae 


Hence by the inversion formula, the d.l. of u is given by: 


2 ; 
o itu+ E _% _ m+1 

TE af e 2 a? +t? (ata) dt 
-0 


u2 + t2 


_ aft? 92/90 2 [qa Ta eg ite bs 
2r a reo\ 2 “et (a2 + p2ym+rtd 


amt 92/20 g fga VI 
2r -~-r=0\ 2 r! 


7 a) (a2 + 42) (m+r+]) pitt at," 


2 





ll 





The change of the order of integration and summation being easily 
justified. Hence’. : 


Plu) 9/20 s É 1 
~ 2r 


r=0\ 2 Tlo = -= ae oan 


++ 
yau” ! Engng tn 


- Tm +r+1)(2a)™ tr + 


6—1874P—2 
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2r m+r+4 A 
q u Kmr” . (43) 








q? 
1 mth, 2a 3 
Ve reo gm +2rth mers lel 


= 
= 


For the population represented by (89), the d.l. corresponding to (43) 
is obtained by putting q=Oin (48) and is 


mts mtg 


2 u ~, (ta 
Pi ; (44) 
8. The Distribution of the Ratio 
Let xı and zz be obtained as in the previous section, and let 
“vre@,/ag. .. (45) 
Put w=log v=log zı —log zo. n (46) > 


Then the c.f, of the d.l. of w is given by 


. 
so- eV Pie)Pleadedeg 
5 0g 0 


-{j (æ, /9)** P(x 1)Plx)dx, day. we (47) 
od 0 


From the known result, we see that 
2 


5 7 {marta | as 
BO Tl idee Fe 
0 (m+) , a31) 


4a 


g i 2 
anea, m+l; £). ... (48) 


Hence, after integration, (47) reduces to 


2. 


, q 
_ Dm+1 +i +1~-it) T Ta d MTE 
p(t) Pmi imi e Fy ue m+; a 


xh(nsi=is m+1; g) vee (49; 
£ a 
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Putting m+1l=A, q?/4a=6, (49) can be written as i 


TA +i Ay — 20 


Hence the d.l. of w is given by 
roma oTt g dt, a (51) 
Now it can be shown (10) that 
Fila; ¢3 æ)Fib ; c; 2) 


_ & Tuty}? l o 
2 Tia) rbe +r) (e+ 2r)r! wi Fy (u+b+2r; +27; œ). 





Hence, 
1E (Atit; A; 6). F(A it; A; 0) 


= 3 DarttNDA-ittNTAY O Poar; Atar 6 
` Araria aa A arar AEA A+2r; 8), 


and (51) reduces to 


Le 20 $ 697 F (OA + 2r; A+2r; 6)  >0A+ rjw 
Eee e r a, 


D 

x al At — Mn pitt DAite dt, 
r — 0 

or putting à+r—it= —z, to 


goat 5 1E (2A +27; A+2r; 6) eT Atte - 


Pw) =e 3 Tasaeor 


z 1 —À—T + io 
2ri 





e TOTO + 2r +a (— ede. s (52) 
—A-—T-iw 

"But we can show 1! that 

1 —ptio . 


Qi cna 





eT (ma) T(Qp+2)de=T (2p) +e 7”) 


—p—io 
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Hence, we find finally that the d.l. of: w is 





-2% 8 627 FAtr; A427; OLOA + 2)e 7 AtW 


P(w)=e ate 
r=0) | DAE a)DA + 2r)r (+e —w) 2A + 2" 





6 7 28 A gar A + 2r— L DO r44) F (A+ 2r; A+ 2r; get rw 
va 780 DQ + 2r) ri(l+ee)2rtar 
(64) 


Finally, putting c” = v, we have for the distribution law of v 


eT% 7 A= Logarta srt PF AHA 2r 0A tT] 
-oo yr" TMAH Be) rl (L+oAt2r- 








or E ai $ PA lorara). F(A; A+ 2r; —0) yrttal 
ya TYA+2r) rl (1 + v)2A+2r 


(55) 
by the applicaten of purer s transformation 


Fi ( a; B; a)=e" F(a; B; ~a). 


The corresponding result for (89) (when A=0) is obtained by 
putting 6=0 in (55) and is . 


Ta) x} 


É TAP ` (L+ v)2A eH 


Tf A=m+ i is an integer, i.e., p, the number of variates, is an 
even integer, it may be noted that the hyper-geometric series in (56) 
will be a terminating one. 4 

It ıs needless to mention that these results can easily be trans- 
formed into expressions containing the original parameters. ce 


9. ` Allied Distributions for Pearson’s Type III 


Pearson’s Type III curve may be regarded as a special case of the 
distribution considered here and is simply obtained by putting a=1 in 
the equation (39). This at once gives us 


=n? e” ; a (57) 
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Similarly, by applying the transformations (86) to (35), (44) and (56) 
respectively, we find that for this curve (57), | 


mp) ieee 1 -n7 smnta—] 
P(x) amii Dy T i (58) 
a 1esult first given by Irwine,!2 
m+ ; 
` u K (i 
Plu) Bop a (59) 
Vag? T(m+1) 
: A-1l 
and ` paje A aa (60) 





TAF (14-0)24" 
results which were first given by 8. Kullback. 13 


Summary 


On the assumption that the system of variances and covariances 
of the two multivariate normal populations congerned are known, the 
distribution of the D?-statistic has been obtained here by the method 
of characteristic functions. It has also been shown that the distri- 
bution of the mean of the k values of D? obtained from k independent 
random samples follows the same general law (with change of para- | 
meters). Both these distributions were first obtained by R. C. Bose, 
by other methods. 
. Further, the distribution laws of the difference and quotient of two 
independent values of D? from the same populations have been worked 
out. x 
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AN ALTERNATIVE METHOD OF THE DISTRIB UTION 
OF MAHALANOBIS’S D?-STATISTIC 


~ 


BY 
B. ©. BHATTACHARYYA 
e 


1. The exact distribution of Mahalanobis’s D?-statistic has been 
first given by’ R. C. Bose (1936). He has also worked out the first 
four moments and £}, and £a, for the distribution, and shown them 
to agree with those originally given by Mahalanobis (1930) in the 
special case of populations with uncorrelated variates. Bose has 
followed geometrical method of derivation. The object of the present 
note is to derive the same results by employing ‘ characteristic 
function’’— a process which does not require any complicated 
gegmetrical notions to be introduced. 

2. Let there be two multivariate populations 7 and x’, each with 
P variates, which are linearly correlated, and let $, and 3! be two 
random samples of sizes n and n respectively, drawn from them. 
Following Bose’s notations, 
let ap=mean of the p* variate in population r 

op=S8.D, F 3 PA Ss m 
Ppq = coeff. of correlation between the pt and qt variates 
in the population r 
a,=mean of the variates in sample 3. 


Let A pq be. the co-factor of apg in the determinant 
A Ej 0,1 Qjo] p where apg =T pTg P yg. 


a21 %22+--Cop 


be eaemserscoerssseseen oy 


Sp] Qp2e-Qpp : : 
Let the same notations with dashes indicate the same quantities for 
the second population 7! and the second sample drawn from it, 3. 


z ee ni d = ; 
Now let apg= napg tna pe and let be the co-factor of a in 
` 7 n+n ra ; as 


3 
t 


the determinant 


B= 


: ae 
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. Then the distribution of the differences of the means from the two 
samples, namely (a4 —0'1), (o> 0g) eneses (ap—a'p), is given by 
pila —a 1), (@2~4q)...(4p— ap) | 


=const. oo) TB 1 {(a1 —a!y)— (ay —a!y)}? +... +28 of (a ah 
Bia a! aeaa) (ag —ala)} +.. -] 
(2.1) 


Writing for brevity, 
Ep=lp— aly 

and where p=1, 2,...P, 
€ papa!» 

equation(2.1) becomes 


Pli: £g...) = const. sap! -glue ee IDRA £1) l 
(2.2) 


3. Mehalanobis’s D?-statistic may now be defined as [see article 
3 in Bose’s Paper oe 


“pis Dee “a. (8.1) 


n 


- 


D= 35 [By 122 + Booth +... +28 90,2 +28) 92,25 +...]. sae (8.2) 
We also set 
= DB [811E] ++. +2Brobibot...]- . (8.8) 


Normalising’ the variates by test transformation as in Bose’s Paper, 
we can have 


glente + Brome + Dave yd HNR (84) 
And by a similar transformation of £’s, we can have 

gglPustt+ weet 2B of: Eo t...] = 92 +08 +a. +3. E BS) 
Then it follows that 


plng +. 4+ By o(@yEo teog) +... = yin. ta tY pp 
rr (3.6) 
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The Distribution of y's derived from (2.2) is therefore 


PUY» Yo--¥ p) = const. sar] = lor)? tet (Yp—17)?] l ss. (8.7) 


= 4P 
The constant, obtained on integration, is easily seen to (Z) 


2r 
Also DE=SyP+y3+... y2) sv (8.8) 
and AP= 3 Pend... +09). (8.9) 


4. It is observed from (8.7) that Y1, Yo...-Yp are independent 


‘ A 1 
normal variates with means 11, 7g-..7, and a common §.D.= JL. 
n 


We shall now proceed to find the characteristic function of y2, of 
which the suffix will be dropped for convenience. 
Characteristic function of a random variable æ is defined to be 


st (oni plejdo ~ fae (4.1) 


where p(x) is the elementary probability law of x, and the integration 
is to be performed over the whole range of x. Since 


; p(y) =const. spl iy —7)? 


2=p) L = - Ste. 
ply )= PUY) za) Const. y or 5 vt 


fee] - 
Hence $y 2(t)=const. f res - Š unten a, 
0 


(obviously y? changes from 0 to 00) 
which gives on integration, 


it?) /{ ie) 
)=C. TAE oe 
ba(t) spl cml jh s 
Pe as 
Putting t=0, 


tya) =C, 


q(—1874P—2 
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Hence by division, remembering that $,2(0)=1, 


itn? tle 
pa = zp at h-E ; we. (4.2) 
n 


The characteristic function of D? defined in (8.8) is therefore 
given by 
. p 
=o t) = II oy, off), 
tpg) t2 $ (t) Hoey 
pel 


since y’s are independent, 


itA2 t lE 
= eap! Salh- x w. (4.8) 


Pn 


5. Ther moment of the distribution of D? about the origin is 
(it)” 


l in the expansion of the function (4.8). 


of course the coefficient of 


But the moments about the mean of a distribution, particularly the 
first four, are mor easily obtained from the cumulants which are 
given by the coefficients of the function 


-1 
= =itA%1— Ait hou = Ait 
H log Fp9(!) tA ( Py 5 log { 1 Py fo (5.1) 


a)r 
The 7th cumulant, K,., is the coefficient of ih in the expansion 


of (5.1). Hence 


hrel 
. z|(4 ) A? + ae I xri. ws (5.9) 


It follows that 


9 r 
ky =At+ =, fee | A? l, ) 
n n | 
| 
j 
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Remembering that 
kı =p, =the mean from the origin, 
ko=pg=the second moment about ihe mean, 
ka= p3 =the third moment about the mean, 


and ką=u8(B2— 3), 
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and writing nA2=8 as in Bose’s cquations (9.21) to (9.6) we get the 
corresponding results that 


+2 
m=, m=- (+1, | 
h Pns n 6.4) 
By = (85+)? /(8+ 1), Py=3+ F+ 1)/(8+1). | 
Equations (5.4) give the coefficients with regard to the distribution of 
D?. The last three, however, are also true without any alteration in 


respect of the distribution of D?, defined in (8.1). The mean value of 
D2, i.e., p, for the distributiun of D? is 


=F (D2) =1(t -2)-n0p ~2 
n 


2 2 
=A2+4——- =A? [from (5.8)].  ... (5.5) 
n n 


6. To obtain the distribution of Di , we make use of the Fourier 
integral theorem that if o 


Plt) = {etn p(a)da, 


whole range of x 
1 fal 
then p(x) =i exp(—itx)p.(tdt. 


The characteristic function of D? being given in (4.3) the distribution 
of D? is therefore given by 
itA2 
exp 1- Ait 


pore { ales dt, ... (6.1) 
1 


oO 


4it 
Applying the transformation 1— > =z, the integral reduces to 
Pn f 


E ni l+: P 2 
Bef- Foran) rra (Soo Noe 
n l-i% 


re (6.2) 
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By the further transformation sa. u, it becomes 


Pron _ Pn (D2 +A?) Di at aig: 
Bni PTT ae ee ea 


x oo Fh AD; (us Fla recs (6.8) 


y 


where on . The above integral is easily seen to be equivalent to 


the contour integral 


2 z P (0+9 P 
PE apl -PE ppan eas tl g? 
i * -0 





4 A2 Qri 3 
Pud 1 
l xea Pi Difu lau ... (6.4) 
Now it is known that 
a koad 
ra u, spfia(u+ tla, „e (6.5) 
-%0 he 
Hence ae 
= ane - ~\ P 
Pn Pn Dy \-7-4 = 


which agrees with Bose’s result (6.5) and finally his result (6.6) is 
secured. . : . i i 
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} 
ON THE PROPERTIES OF THE FUNCTIONS WHICH ARE 
SELF-RECIPROCAL IN HANKEL’S TRANSFORM 


By 
D. P. BANERJEE ` 
Bailey! has proved the property of two definite integrals contain- 
ing self-reciprocal functions. Here I shall consider similar property 


of two more general definite integrals and certain new properties of 
self-reciprocal functions. 








= erin 1 pt s og 
Let f(z)= an Ce qs a 2 Welds 
where E  y(s)=4(1-s) in the strip a< 0 <l-a - ee 1) 
Te 
and T Fert . 


c being any value of o in (1), 
Then f(z) is Rut) i.e., it is self-reciprocal in Hankel’s Transform. 


Let : 


= (° gt ,— $x? C08 a Y on 
9,0) (a e cos 5 7 sina Ne 


4 (y)= foarti g $2008 a sol x2 sin tet cae l 


B 0 
where - 3 sa<5. Zag. 
when =F - we have Bailey’s case.” 
Now 
0,0) i (y= (art AE aia 


~i(f-a - . 5 
" (ont todo eee f IEEDIT (etat 


i 
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ro) a) ; ~i( 3-0) 
f fltythat ) gttl, serie C3 CI atde ® 
0 0 u 


: apond a 
ÇO ott tte Te l tiD, iye T 1270) , 
0 


—hi(ut+l)a b ; 
T (7 get? dt | co i :) 





gh tL 


[= 


2y 
l cos (ut 1)= —i sin (u+1)= || 9 +i 1 
gttt 2: 2 Ky B\y 


1 T 1 F T 1 
Hence pu- a fos (4 +1) 5 s ) +sin(u + 1g ie 


1 Z T 1 : CAE E 
at ) m] cos (a + 1)5 AG |en; At J] 


TI 


We shall now prove the justification of inversion. We have 


(artt by? cosa cos (g z? sin «iaz 
0 








sin \9 











< (ttt | f(@) | dz, since 0Sa SF. 
0 
Now Vaart | f(z) | dæ exists when -3 =< <5 ; 
0 
` 2 pte tye? cosa cos/y e 
Hence fo e sing ® me f(æ)dæ 





exists and inversion is justifiable. 


II 





Si u s 
z t3 t3 V(s)a-sds 


then f(z) is Ry): 
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d 1 c+ 1 z4 
-ag i= ( 2 +E +E s-os ĝe 





ori® 2 
OP ge LET T 
Ont deio Cie a oes. 
where ¥;(s)=s(1—s)¥(s)=¥, (1—83). 

Hence — «4 _{af(0)} will be R) wen. f(x) is Buy iss (i) 
Similarly - |220. +0] is Ru) if f(x) be Bi.) 
where * g(a) =~ E a(t | {(y)dy. a (if) 

Let fı a(i + joa tefl). + 


Jes 


Then hozi f az fh L patata, vee a-* ds 





and consequently f(x) is foe 


If f= 2 ond afle) 
then f(z) is Buy +4) if f(z) be Ry): os 


Hence in generel f,,(zx) is Ru + 2m) if f(x) be Bay ; 





Ble y(s)de 


ifs fla)= Ji 


e= 


then f(x) will be Bee 


Let v>2m+1 and Faa) tfa), 


Then gtat— 072m) ore) willbe R j if fe) be Roy 


(v—-2m 


G D. P, BANERJEE 






































IV 
We know © 
1| (=m) |(-8) i 
2 |(p+m-+s) 
(HD e-1+7) peta = (rs) 
i aE a ee 
pea 
le+1) (e+ ) Zi; r) emio [ors 
+4l+} Jaka 
a I H ao 2 
Putting m=- t, jena É ,p=u+s+Ž 
we have > i 
1 1 
SA t+ é+——+T 
Wee gutsté S t-10)" eet = 
4 oft r=0 i |r 
Hence 
B s Ea ae 
pts l IS aftita y $ ae we (A) 
2 4 vt rao EA > 
Therefore 
e+i@ 
f (= 5 eio ptt L a *#e)de 
+8 1 
È r B e 





where f,,(%) is Rime 
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It 7 is clear that (A) is uniformly convergent within the range of 
integration and hence the order of summation and integration may be 
interchanged. 
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PROPERTI“S OF A CERTAIN CONFLUENT HYPER- 
GEOMETRIC FUNCTION 


By 
B. Mowan 


In a recent paper I have studied the properties of the function 


p =$ (WG + ya ta 
ve 0 WEY Daltrey 


_ rea [czy a oa _ 
- (8) omfg (3) RO)>—1. 


This has led me to study, in this note, the properties of the ana- 
logous function 





a) v+2y ae 
Yea iti ME 
o wti Tiltv+y ly * 
To begin with, the series (1.1) is absolutely and uniformly con- 
vergent in any finite interval of values of æ. It is also obvious that 


yy@=/2 a, sae (12) 
AOE EA Ka ( 5 iv+l; La), sie. (1.8) 


2. Differentiating (1.1) with respect to z, we have 


4 @)=5 DG +yv+2y)0" t] 


o gvt2y by Tw+y+1) 














=3 TEY)” t] B- Tety t21 
ee ae 0 vty by Do+y+1) 
=5 Tatje am ay (a), ° 
0 vt 2y—1 ly Dw +y) zy 


Thus, we find that 


¥@)=4,_1@-24,(0). vo (2.1) 


100 B. MOHAN 


Again, 


x y : 
(3 F =) 


-(g+2)8 T$ +yz 


2 sjo gvt2y ly Dwty4) 


v+2y 





at2ytlhy Dowty) © w+ fy Dwty+]) 





Date tte gs Pty o+2ye" ter] 
art2ytlty Potytyy 9 ty by Doty+]) 
z TG+y)2"t 27-1 
gv t2y—liy-1 Dy +y+1) 
gut 2yt1ly My +y+2) 








-5 

1 

E E e 
voo o gpt2y+ lly Dy+y41) 


Tetye ttt fi tty 
v+y+l | 


-3 
0 

“4 Ha) + 3 

= x) + 
ve Out ytl ly Dy ty 41) 


Hence we get 


(sz }permsior+(o ble, 1 @)- . (22) 


As a particular case, 
Qo! (x) = ap (£) — 1 (2). .. (2,8) 
Now, from (2.1) we have 
he v v 
ie | rene ay 


g2 


Also, from (2.2), 


l (3 a “Pei + b-h 


subtracting, we have 
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That is, 


æ v-l v v 1 v 
wt-($4 P EAE E 4,0 


on using (2.1). Thus we get 


1 @« 1 1 v? = 
y," (t-g) (1-4-80 (2.4) 


This result could also be arrived at by starting with (1.8) and 
making use of the differential equation satisfied by the function F}. 
Other results that can be easily derived from the above formulae 


are: 
(th eepe =e 








aE -2 Y1 reay,” a (2:7) 


m 
(4) (n]a n ae aJ sath: ARA) 


where m is a positive integer. r 





č v+2 
3. pei Diin T 
0 gvt2y YT(+v+y) 
-$ G) a Paty G+y) 
o TQ+ vty 92y Til+v+y) 


v Wf) 
—s __ 2) s TÀ w- n py- 
3 Tatih ae oe at 


1 2 
-n pige gg ia 
T+») k 0 Jy , 
a process easy to justify. 
2—-13874P—8 i 

















Hence 
— Ga)” (7? gea- P 
no= 2 af. a tt Da [Roy>—4] 
(8.1) 
1 ag 
— _ (ge) (1—u)”~ # ae, 
ToD), va 
These results may also be thrown into the forms 
~ Lae ae 
5 2 E EER a dt 
Ea (= : 
= ol ' (l-4? -u-t edu 
IXv+4) 5 yu i 


(3.1) is also. equivalent to 


sagra iie -F 


i 2 z 
ah AD | sinok 080g, 
~ v+4) 


-0 —— 


se ee 


Finally, from (8.1} wé have 
. —v—] 4a? (2? \—Z- 
4 one waa iza] aay 

” o PTH Jo % 


ays 2 
~n” 140°. for large x. 


4. Let us evaluate the integral 
=| a? - i= a2 (bajda, 
where 4R(a) > R(b?) >0; Rl +'p)>0. We have 
È Pleon g Taryba t? 
r 0 gvt2y ly DTw+y+1) 


3 _ Tarpt’ 7am? pryt2y—1 jy 
o w+2Y ly D+vty) Jo 
a process easy to justify. Hence 


Iag TG+ et’ Dapit 
0 gvt2yt+lly Da+v+y)atP tay +y 


- pt dy, Gp ty) vz Gney 
gvtl gip+d o 7 (v+1, ry Ta +y) 4aj ` 


T 





- 7 a 


EES a Ka T 
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Thus, we find that 
l oP le ay (bald 
0 


_ BYE Ap+ dua 3 . b2 
j +1 PtP Dy a1) À ipti vti ga ree Gl) 


where 4R(a)>R(b?)>0; R(v+p)>0. 2 





Particular Cases 


(i) p=vt2 





iva) v nae 
{ gv tl,—ax, (bx)de= b N T , a (4.2) 
7 y War t$ yda—b2 
where 4R(a)>R(b2)>0; RG@)>~1. ? 


Further, putting u=4b2,, we get 





ees weer og SS 
x c y (be)da= rea (4.3) 
where R(b)>0; R(v)>—1. 
K In particular, when b=1, we have 
% er) = 
| atte By (aldo y On ve (4.4) 
0 
(ii) p= 
( grey (ba)dx 
LA 
o : . 
DOIGH i e) 
= ETN OOP 4, ġ+v;l+v; — w (4.5) 
ovtl ghtv Tv +1) 4a 


where R(a)>R(b2)>0; R()>-—-1. 
If, in (4.1), we put v= —4 and make use of (1.2) we arrive at the 
familiar result A 
{ T PBe- O- 4,2? È T-a 
o (4a—b2)4P -4 
where R(p)>4; 4R(a)>R(b?)>0. 


Hinpv University, 
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DYADICS AND MULTIDYADICS IN HYPERSPACE 


By 
N. N. Gosu 


The theory of linear vector functions in three-dimensional space 
was developed in terms of ‘dyadics’ by J. W. Gibbs.* In spaces of 
higher dimensions greater part of his theory remains true and the 
development is in general parallel to the matrix theory. In a recent 
paper? I. M. Hostetter has generalized some theorems on dyadics 
by an extension of Gibbs’ notations. Earlier, in a paper ® entitled 
‘Four vector algebra and analysis’ C. E. Weatherburn considered 
dyadics formed with vectors of four components. The object of the 
present paper is to generalize the theory of dyadf@s in such a way 
that it includes the matrix theory and that it pogsesses greater com- 
prehensiveness. 


To suit our purpose some changes in the existing notations are 
introduced. The notation* ab for a dyadic is modified by the intro- 
duction of dummy suffixes obeying the summation convention of 
the tensor calculus, The scalar product a-p of two vectors a and p is 


denoted by the symbol ft in conformity with the symbol for some 


higher order entity called scalar determinant of two sets of vectors. 
A transformation of the vector p by the dyadic ab is thus represented 


in the form 
b; b, 
pl=a, or Gy; ““ (1) 
P P ‘ 


where i runs over the values 1, 2,...n. 


In §§2-6 most of the known theorems"on dyadics have been 
generalized from the present point of view. In §7 the notion of 
multidyadics defining a linear transformation of multivectors is 
introduced and some general relations obtained. In this connection 
the treatment includes the theory of compound matrices as a parti- 
cular case. 


< 
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2. Complete and incomplete dyadics 


Let the set of vectors a; in (1) be referred to a system of n rec- 
tangular axes. If the scalar determinant 


liüg. lg 
aft oe 


does not vanish, the system a, will form a basis for the n-space, 


An allied system of n vectors a,, may now be defined by means 


of the equations 
a, . 
roma l |2- (h=1, 2,...n), «7 (8) 
von tp - 


where the suffix u ‘attached to the minor of A, indicates that its 
complementary minor is to be taken. We have then 


. a; , ith i . ae 
7 l-i l n & 
Gen) 1, ixh, s 


The systein of vettors a,,) will be called the co-vector system ® 
y c (A) 


allied to a,. . 
The identical dyadic is now representable in either of the forms’ 


aiai) OF Beye . Ja (5) - 


Let b, in (1) be a set of n linearly tndependent vectors, then the 


scalar determinant 


e (6) 





will not vanish. The co-vector aye allied to b; may hati be 
defined by 


. ” 7 
bay =a, J $ e (7) 
ba) p 
Any complete dyadic c adn for instance, is expressible.in either of 
Gy) a, 

a, dy, OF aei) dhs 
Ch Ch 


‘so that for a complete dyadic we have two typical forms 


O abu (È aybi. s. (8) 


the forms 


sy 
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In the standard forms (8), the antecedents being the same for all 
dyadics, the consequents alone determine the character of dyadics. 


` If the set bz) or b; in (8) consists of vectors not all ‘linearly in- 
dependent, the dyadic.is called ‘incomplete.’ Let us consider the 
form 8(:) and suppose that only r of the vectors bq) are mutually 
independent. Denoting them by by) (k=1, 2,...7) let us form the 


scalar determinant 
e 


2 bobab i 
A;= . toe (9) 


bonbe Bipy 


A co-vector system allied to b,,) may then be defined by means of 


the equations 
ee by) a EN 
b, =),5) As; . . ose (10) 
bez) cen i 


where j runs over the values 1, 2,...7. e 
- The incomplete dyadic a;b) is then-expressible in the form 


bep . 
arbata _ pba» ve (1) 
b: 
Where p runs over the values T+ 1, 7+2,...... n. 


Denoting 
z | bep 
yt apy _ 
EN A 
by ap, the incomplete dyadic of type 8(i), has the standard form 
- arber. p eee (12) 


3. Product of dyadics 


Let a,b;;, and,a 1C) denote two complete een in the standard 
form 8(i). Then the dyadic 
bey a) 
a, Crhys one (18) 


x me 


> a, 
whose consequent is tol f represents the product when aiba) is 


(+) 
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the prefactor. We shall use the symbol (cb),,, to denote the conse- . 
quent of (13). 

The product of three dyadies 4, buy, a KOI and a dain successive 
order is represented in the form 


bay Cha) 
tita, Ta di yor a, (deb); 4), «- (14) 
ty lo, 2 

The resolved form of a dyadic is obtained by forming product with 
identical dyadic. : 


The resolved form of a,b:,), when complete, is given by 


by ) 
“| "haa wee (15) 


and, when incomplete, by 


Qei) (be l 
= z m l Has .. (16) 


a, ) 


as follows from (12) 


The formulae (15) and (16) are referred to the basis ad,. Fora 
change of basis, for instance, into A,, the formula (15) will be of 


the form l 
a popeda on 
ti a, ay, ig | a) l 


The theory of matrices 1s associated with such resolved forms of 

dyadics. We can represent (15) as a matrix of order n, whose element 
ba) 

in the ith row and hth column is . Fora change of basis the 
Oy. : 

matrix representation is given by (17). Prop-rties of dyadies may ~ 

thus be translated into the properties of matrices. It may be noted 

that incomplete dyadics introduce either degenerate “or réctangulur 

matrices. 


The product of s dyddics each equal to a;b) will be represented 
by a,b¢;). We have then ` 2 


bin at l 
a. lias a,b¢,4' for any positive integers s, t. ... (18) 
ay, ki 
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The product of a;b) and bia) being the identical dyadic we call 
bilu; the dyadic reciprocal to a,b. Expressed in the standard 
form 8(i), its consequent is given by 


ba 
an) ' wee (19) 


Gr) 
which defines 67,3. We also set b?,,=*a,,). 


Tha reciprocal of a,bé,) is biaq) which is equivalent to apb}. 


y 


4. Conjugate dyadics 


The dyadic b;,ja, is said to be conjugate to a,b:,,. Expressed in 
the standard form 8(ii), the consequent of the conjugate dyadic 


becomes 
ben 
Ah , o 
x a, 


which is the co-vector system allied to bj} ir (19). We therefore 
represent it by by!. The conjugate of a,b, will be represented by 


Qen bT t, whére 
bin 
br =a . see (20) 


a, 
The conjugate of the product of two dyadics in (13) is given by 
(cb) Aya, or a,)(b7!e7}),. n (21) 


Similarly the conjugate of the product of three dyadics in (14) is 
expressible in the form 
acs)(b}o- 2-1), „e (22) 


_ The dyadic a,b?,,+a,,,b7* is self-conjugate. Expressed in the 
standard form 8(i), its consequent becomes 


Sa R aa) 7 
bint bi o vee (28) 
Aer) 
The dyadic whose consequent is 
a Gay 
bi bz" we (24) 
Gn) 


is anti-self conjugate. 
8—1874P—3 
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5. Characteristic equation of a dyadic 
Let us find a vector p such that 


bay . 
a, =l.p (l=scalar). we (25) 
P 


The above is equivalent to n Mnear equations 


OI 


Aci) 
Bliminating | bs we get the equation 
p 
bay lag) bya) lag sorsesocsoee beny llen } á 
=0 ... (28) 
ay do dy | 
~ 


giving n values for L. 

The above is called the characteristic equation of the dyadic a, b,,). 
Applying the properties of scalar determinants the equation (26) may 
be expressed in the form 


a bes de ») on Pca | eel 


(a, oeedy a B 


vf" mt 4 ba] = w a=) ot A 
loi ag as |a an .| 


2 bay) (bce (bn) 
+#(-1)971171 + ae +(-1)"l"=0, ... (27) 
a ag ay 


LYI 


where the suffix » has the same significance as in (8) with regard to 


the sealar determinant 
ba) ee 
ay ag. on ay ` 


Let the roots of (27) be all real and distinct. Corresponding to a 
root l, let the vector p, satisfy (25) We may then choose the set 
of n vectors P1, po---Pn 88 forming a new basis. Denoting the co-. 
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vector system allied to p} by pn) an arbitrary vector £ admits of being 
expressed in the form 


` Pra) 
a . 
é 
(bo ba Ph n Pay 
a, =a; = X lips : 
“le oy fle foe Ne 


- Thus the dyadic a,b,,) reduces to the canonical form 


whence 


Liprpaytlepeprayt .... +laPapiny: w (28) 


For a pair of imaginary roots1,+il,,1,—il, of (27) itis possible to 
find a pair of vectors p, and py such that 


be 
z | EETA 
pe | - 


5 to} k 
a, =l pe + lepp 
Py j 


These vectors pz, py together with the zest will form a basis. - 
Hence for every pair of imaginary roots of (27), the corresponding 
terms in (28) are replaced by 


(laP2—lyPy)pcey + (lypet Lepy)pi) 
or 1, (Pxpceyt Pype) + ly(Pepcy) PoP). see (29) 


Agsin, for a multiple root`l, of order 7, a set of r vectors 


p Py may be so determined that 


Zis Pra, 


sestesesssrzsressosesecas © cee 


Prete Reece eect ace eee sreseor 
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These vectors together with the rest will form a basis. Hence 
corresponding terms in (28) will be replaced by 


l + wee + F Has 
a(Pa Ple) Pang®lang)* * Par, Ple) PePe) * Parg?x5) 


FP, Pry ie) 


Ifthe dyadic a,b:,) be incomplete the equation (27) will have 
zero roots. 


If we replace I‘ by the dyadic a,b¢,, in (27) we get the Hamilton- 
Cayley equation for n-space. 


6. Binomial dyadics 


The dyadic a,a(;)+1a,b,,), where | is a scalar is a binomial dyadic. 
A binomial dyadic for which 


= 
i 
pP P n 
transforms the vector p into one at right angles to it. 
The consequent of the product of s binomial dyadics may be 


expressed in the form 


[ay + lb] =at (Mbayt (b+... +I bé -... (82) 


which is analogous to the binomial theorem in Algebra, 
Assuming (82) true for negative integral values of e, let us put 
‘ 8= ~] and define 


E7 + lbe |t =ü; lb) + [2b2 y. t (—1)7l"bz,, TETIT (88) 


which forms the co-vector system allied to the system of vectors 
a,+1b7}. 
The dyadic conjugate to a,a,,,+1a,b;) is given by 
ayt, + lacy ybF1. ai (84) 


The consequent of the product of s such conjugate dyadies may be 
expressed in the form 


[a +1071] =a, + (flops + (Broz +... tl bT". (88) 
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It may be observed that the co-vector system allied to (35) is expressed 
in the form 


laatb]. 


It must follow from Hamilton-Cayley equation that a seb of only n 
vectors of type bë, or by’ in the above formulae are linearly in- 
dependent. 

For a more general binomial dyadic a;b) tla, Cu) the corres- 
ponding powers are more complicated. It may be observed that the 
co-vector system allied to b:,,+le,;, is expressible in the form of a 


series 
batb; D a6, POPO] ao a (86) 


: A ty h 
provided it is convergent. 


7. Multidyadics 
r 
A set of r vectors in n-space defines a multivector of rth order, 


Denoting the vectors of the set by py, pa -. pr the (3) co-ordmates of 
the multisector referred to the basis a, are given by the scalar 
‘determinants 


Bis \ Ape \esoenaeee a, 
(ii) (ig) (i,) ; N (87) 

PL PQ severeseePp 
whore ij, iger i, is an r-combination in natural order of the numbers 


1, 2, m 


To consider the linear transformation of a multivector let us first 
take a bivector p}po. The double dyadic® (of type 1) transforming 


the bivector will be represented in the form " 


F30, 0, (Bld nyt babah ... (88) 


where the summation extends over (3) combinations i, h in natural 
order of the numbers 1, 2,...n taken two aba time. In what follows 
we shall omit the summation sign assuming this convention for a 
repeated pair of suffixes. . 


The transformation of the bivector ppg by (88) is represented by 


means of 
bray D [Po b'in 
44,4, + .. (89) 
PI P2 lor P2 
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Ars) Aea) 
Giry 
Pi pls 


if p',p'g denotes the transformed bivector. 
It is convenient to express the sum of two terms in the consequent 
of the double dyadic (88) in the symbolic form 


which is equivalent to 








bia) BH, * 
(40) 
bin biw 
the asterisk distinguishing it from the notation for a determinant. 
To express (89) we then adopt the notation 
Bly OMe, | * Pl P2 
aan | Way OM yy | orgaan, | bay bas) * .. (I) 














Pı P2 b'en ben 


As for the resolvet form of the double dyadic (88) we have then 
the notation 


br boa f # 








40,0, Po blen ti ay aes (42) 


fa, “hy 
The above may be represented in the frame of a compound matrix 
of order ($), the element im (ik)th row and (i,h,)th column being 


* 
bha bag 








4 


bhin biw 


a. a 
t1 hı 


(43) 


The determinant of order (§) of this matrix will be called the 
determinant of the double dyadic. 


It may be verified that (48) is equivalent to 


ia Un } 
prvi bavi 
hy 





4 iy r we (44) 
re Oe 
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In the matrix representation of the product of two double dyadics 
of type (38) the element in (ih)th row and (ighg)th column will be 
of the form 











a 
4 


bio, b * J ol. "f 
y a ei KO 
b b'a d ayy h) 


a. a a 
ty h 1 f Tha 


(45) 


” 


which by means of (44) reduces to the sum of 4 scalar determinants 
expressed as 


T (Oc) brn ) (bo Pads (or ay b bhey biw 
i] c71 o"z! ("Jorn oft ( tjop ctrl CTY girl ofp} . 


iz r tp he he ig he 


bay Day) (chw (bha 
eri (Tla a. S a. ” 
ig | (Ch i> ty 


the above, on further reduction, may be presented in the form 


Since- 














(bhas (bha | * | (08D). (OOM ry | #7 
3 lonb) (CMD) cay | + [eba (ba (46) 
= fi “hs "ig i “he | 


To define the reciprocal of the double dyadic (88) we have to 
consider the determinant of the double dyadic. Tf ( Pi, h, ) denote, 
the cofactor of the element (48) in the determinant which we represent 


by R, then the product 
| bi) ba i ( pihe) 
iyh 
aian | bn blo S 


a. a 
i hi 


tis) ra) 


is equivalent to the identical double dyadic a;a,4,,)@c,).. The resolved 
form of the reciprocal double dyadic is, therefore, given by 


: (ei 
ai, h, TM) aga Tha)’ i 
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Following (40), the consequent of a multidyadie of -order r invol- 
ving the sum of r! terms will be represented in the symbolic form 


bies O Le b | #* 
ES (i1) (i) (t1) 
Tl | p, bl. pir) 
(ig) fig)" fig) |. .. (49) 
seferi ao seeseussecss as 
b (i,) b iee bP) 


Calling it a compound consequent we note the following elementary 
properties of it. 

(i) Interchange of any two rows changes the sign of 2 compound 
consequent. . 

(ii) Interchange of columns does not alter its explicit form. 

(iii) If any constituent be the sum of two others, the compound 
consequent can be resolved into the sum of two others, 

(iv) If b’s fall intp 8 groups of j1, jg,...j), members, respectively, 
the members in each group be equal to one another, then the number 
of terms in the compound consequent will be reduced to 


Meld l i , Fy e 
(v) Interchange of rows and columns is not permitted in a 
compound consequ: nt. 
The resolved form of a multidyadic of.order r is expressible in 


the form 


1 bi, (ry) ¥ 
vap aye BD 
nhs b! u bo) 
Th “iati, | Ga) 7 a) ta) 7) eg), 
F EE E T a (50) 
1. Wes r 
ü) OG) PE) 


which like (42) may be represented in the frame of a compound matrix 
of order (*). 7 ~? P 

` The reciprocal of a multidyadic and- the product of a number of 
multidyadics may be defined as before. 
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The generalized formula corresponding to (46), for instance, will be 
1b!) tbl). (lb). # 
fee iy) es Mis) ($ ki) 
Wb! Hb!) {oib 
Oy Oe Niaye ee) 
(51) 





(ob) i) (CD BE | 


r 


` fa, - a i 
{ hy ae h, } 
where 3, denotes the sum of r! elements as one above obtained by 
e 


permuting the superscripts of c in it in all ways. 
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THE ENUMERATION OF THE LATIN RECTANGLE OF 
DEPTH THREE BY MEANS OF A DIFFERENCE 
EQUATION 


By 
S. M. KERAWALA 


(Communicated by the Secretary) - 


1. Introduction: MacMohon? first gave an -operational formula 
for the number of permutations of any number of non-clashing rows, 
each row consisting of the same totality of n letters, each letter differing 
from all the rest. Jacob? has supplied reduction formulae for three 
non-clashing rows, but he remarks that he could not obtain one single 
recurrence relation for the enumeration. Besides, Jacob’s fundamental 
recurrence formula contams an error, which has vitiated the tables 
given at the end of his work and deflected him from probably a correct 
conjecture as to the limit of the ratio of the ehumeration to n!?. 
In this paper I follow closely the method of Jacob, derive a difference 
equation for the enumeration which Jacob did not, compile fresh 
tables for values of n up to 15 and justify the conjecture which Jacob 
abandoned 


2. py will denote the enumeration of the Latin rectangle of depth 
three. The nature of letters in u„ is as shown below: 


he. Ras. Aann A, 
Bo Ba Banese By 
Gi Osy Oyunun Ca. 


For a permutation to be non-clashing, any one letter of A can 
appear with any one of (n—1) letters of B and any one of (n—2) letters 
of C. We have, therefore, that ~ 

Pa =(t—-1(n—2)am—y), z I) 


where &a is the enumeration of the non-clashing permutations with 
the letters 
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the letters in different columns being identical only 1f their numerical 
suffixes are identical. Further 8, will denote the mnon-clashing 
enumerations with the distribution 


Ap Bee She. Aiara An 
Bo Ba — Bg, Bape Ba 
Cy, Cina Cg, Ois ETETETT C, 


yn the non-clashing enumerations with the distribution 


Ep Bes, Ay Bees As 
Bo Ba Ba Baguxauda 
Co ce ies Oe Ogei Ca 


6, the non-clashing enumeralions with the distribution 


Ai Ag, As, Ag, PERA Ån 
Ba Ba Bg, Barocc B, 
Oi Ga. Opo pelts Cy 


es 


and finally e, the non-clashing enumerations with the distribution 


Ay, Ag, As, Ag Asertas An 
Bo Ba Ba, Byes Ba 
Coney Co, Cs, Cy, EREETTET Ca. 


Considering now the value of «,, obviously «,=8,—(all the cases 
in which By and Ca, ;) appear together in bn). 


If Bo, Ccn41) and A, turn up together, Sin;) cases are possible; 
if Bo, Cy 1) and Ag turn up together, 8,1) more cases result; and 
if Bo, Cin+y) and any of the remaining (n—2) letters of A appear 
together, (n—2)« z) further cases are obtained. Thus . 


Kn = Ba — 28(n—1) — (1-2) Keam). a. (2) 


Considering the value of 6,, it is evident that ò, =u, + the number 
of cases in which A, appears with Co + the number of cases in which 
B; appears with Cg. These last are 2(n—1)8q-1) in number. Hence 


Òn = Un +2(n—1)8(n—1). one (3) 
The value of e, is made up of the following different cases: 
when 


(a) Ay,.Bo, Cons) go together, yielding pen-1) cases, 
(b) No two of Ay, Bos Cen+1) occur together, giving pn cases. 
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(eo) Only two of Ay, Bo, C+ appear together, giving 
8(n—)8(n-1) Cases. 


Hence» ` ea=pn tya- pt8- 1)Ben—2)- ent) 


Again, Bn is composed entirely of the followimg different cases : 

(a) Ay, Bo, Ceas turn up together, giving 5(n-1) cases. 

(b) A, Bo and any one of ‘the (1-2) C’s other than C; and 
Ciani occur together, resulting in (n—2)yn~1) cases. 

(c) Ci, Bo and any one of the (n—2) A’s other than âi and Ag 
come together, yielding (n —2)@,,-1) cases. 


(d) Cy, Bo and Ag occur together, giving rise to eçn—1) cases. 
(e) No two of A}, Bo, C, occur together, giving ôn cases. 
Thus Bu =3q tsen- tem-n + (M—2D)Ben—1y # (M—-@Wymey. (8) 
Finally, ‘Yn is composed of all the non-clashing permutations 


possible when , 

(a) Co, By, Ag come together, giving ern—1) gases. 

(b) Co, Bı and any one of the (n—2) A’s other than A, and Ag 
appear together, giving (n —2)8,,-1) cases. 

(c) Co, A; and By appear together, giving €(,-1) cases. 

(d) Co, A; and any one of the (n—2) A’s other than B; and By 
appear together, giving rise to (n -2)Bn_3) cases, 

(e) No two of A,, By, Čo come together, giving 5, cases. 


S Yn =n tea- + 2 — 2)Ben_y)- (8) 
Multiplying (2) by (n—1) and using (1), 
(n—1)(Bu-%n) =2(n—1)8en-1) + Mn 
is obtained. With the help af (8), this becorhes 
8n=(%—1)(Bn — an). a (9) 
Substituting for Ba from (2) in (5), we get 
Aa = 8a — Sena 1) + Eca- 1) + (M2) (Ben 1) + Yen— 1) — Ben—1)): 
Substituting for 54-1) from (1), we get 
an =bn + enp + (0—2). ~ © 


I shail consider now only, the equations (1), (8), (8), (4), (6) and 
(7). These are six simultaneous difference equations for the six 
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unknowns Ka, Ba, Yn: Sas €En ONd un, Five of the equations are first 
order equations and one is a zaro order equation. If all the unknowns 
except un be eliminated we should expect to get a filth order difference 
equation. 


From (1) 
Bant5) =(n+4)(n+ Baen) 


With the help of (8), this becomes 
Hens 5) = (n +4) (0+ 8) [denta + een gy + (n+ Qe ray]. 
Using (6), this becomes : 
Bena 5y= (1+ 4)(1 + 8) [Bens aot enta + (M+ 2)8 en 4g) + 2 + Zens) 
+2(n+2)(n +1) Bins]. 
Using (7), this assumes the form 
Benes) = (2 +4 (0+ 8) [earo + eara t (M+ 2dana Hn + ens) 


\ +2(0 + 2) (n+ Lenn 9) + 2 + 2)8in40y]- 


Using (1) and (4), this reduces to 
Pine) = {n +4)(n + 3) [nta + (n 7: 2)8n+3) + 5(n + 2)8n+2) 
+80 +1){n +2)8(n4 pt Buena + Bt + 5)pcns9) + 2 + Qpcns yy. - 
oa (9) 
If now in (9) the pws be replaced by 8’s with the help of (3), we 
have on simplifying 
Sena sy = (n + 5)(n +4) +4) + (n+ 5){n + 4) (n + B)8n43) + (n + 4)(n + 8)*8n49) 


+ O(n +4)(n +8)(n? + 3n +83) +1) —4ln + 4)(n + 8) (n+ 2)n8,,. 
(10) 


Equation (10) corresponds to equation (1.12) in Jacob’s work. 
There is an error m this result of Jacob. For the last term of Jacob’s 
equation translated into the notation of this paper is 


—A(n+4)(n+ 8)(n +2)(n-+1)né,, 
whereas the last term of equation (10) is 
—A(n+4)(n+3)(n+2)nb,. 
It is this error which has vitiated J acob’s results on pages 336-337. 


ENUMERATION OF LATIN RECTANGLE OF DEPTH THREE 123 


With the help of (7), (9) becomes 


Bon 5 = (n+ 8)(n +4) [wens ay ~ Mine 3) (nt L) pene gy + 2(0 +2) pens nl 


+8(n +4)? (n +8). 


We have thus the value of 8 in terms of p. Substituting these 
in (8), we have immediately on simplification 


" (n+B)umas = (n +4)(n? +8n + Wtnee + Ün +8)(n+4)(n?+8n+17) unas) 
+(n+8)(n + 4(n? +8n +18) uns) + 2(n +2)(n +8)(n +4) 


x(n? + 5n +3)un 1) 4l t 1) (0 +2) 0+ 8)(n + 4)2p,. 
(11) 


This is, therefore, the fifth order difference equation looked for, 
which, though quite simple to derive, Jacob could not achieve. 


The problem thus reduces to solving the difference equation (11) 
being given that 4,=0, we=0, pg=2, p4=24 and p,=552, these 
latter values being derived from elementary ce of non- 
clashing permutations possible when n=1, 2, 8, 4, 5. I could not 
bring the equation (11) to any of the standard types considered by 
Milne-Thompson in his Calculus of Finite Differences. However, 
I have calculated the values of ln for values of n up to 15, and of the 
allied enumerations for values of n upto 10, and the results are given 
in Tables I and II. 








To find values of 5 a forn>15, we substitute v,= Pe in (11) 
n! 


and obtain . 

POTAS tAn? +8n +17), ot enna 

oS) (CET Oturma D 
(n?4+8n+18) ` Q(n? + 5n +8) 








“nt3Pn+Hnt5, paea? penie a era) Gts)? Parn 


4 


The volumes of v calculated from (12) are given in Table III, 


$ 
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TABLE I 
vio “016 584 014 
Pig "046 777 073 
vis 045 948 245 , 
P10 ‘047 101 050 
Vso | _ 047998276 _ 
Per ‘047 362 192 
Veo “047 474 638 
Dar ‘047 577 122 ś 
Pay ‘O47 670 925 
` Das ‘047 757 096 





With the help of equation (12) and the tables given oats it can 
be readily a for n>7, 


Cal 


al a] 


It follows that for s>7 


va<v, TE jie $ f sve (18) 


Again it is possible to show that for n19, 





— 1 2 
toner) Meta ip 
from which it follows that for every s=>19 


(Ed T 1 1 2 
Var; 2 * Gor Dr ~ Fat . ase (14) 


Thus the sequence v, is monotonic and bounded and must there- 
fore tend to some limit 1 such that for every s>19 


P ye ae E EA 
nälg nei ip +s | 
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Taking s=25, we have from (18} 








log 1 < log v5 + Š Ss a 
5t 23 (r — L 223 (r—1)2r? 


6805 «2, 2 8 
=] n 
09 22s + ag Et 





=log v95+ - 122431993 





a 2 
1<'0497884. 


Again, from (14), we have that 


a 1 a 9 1 2 1 
log I> va B 
og l>log Mont 3. r(r—1) a (r +2)! Ticks r?(r—1)? 








Ş 2 


+ Seen lo 
pods HeaTa ge °F 2st irga 


ae oa a {2 im 


Oda 95 1 L 2 
+ | =I 5__ -0408106 _ 2 
Etje o9 25 tira '040810664— osag H 71744585 


from which 1 >'0497865. 


Now the value of a> 0497871. 


Thus the values of both l and 5 correct to five places of decimals 
are the same, viz , ‘04979. Itis, therefore, bighly probable that the 
conjecture =} which Jacob discarded is correct. 
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CYLINDROID AND KINDRED SURFACES 


By 


Haripas Bacoui 


Introduction: The cylindroid has got special importance in Applied 
Mathematics on account of the position it occupies in the theory 
of non-coplanar forces. Generally, most of the geometrical and 
analytical investigations on the subject have for their ultimate 
objective the study of statical and kinematical properties connect- 
ed with the surface. It is, however, felt that, though the cylin- 
droid is only a particular member of a general family of surfaces, 
a study of this important member from the point of view of Pure 
Mathematics is desirable, and will also be really helpful. The 
present investigation has been undertaken from this pomt of view, 
and not only many properties of this aay dae usually known 
to Applied Mathematicians have been discussed in this paper, but, 
it is hoped, it contains also other results which have not been 
noticed before. For the sake of generalisation some digressional 
matter bearing on arbitrary cubic scrolls, arbitrary right conoids and 
arbitrary scrolls has been introduced in the body of the paper. 

A few results, mentioned in my ‘‘Note on Cyclides’’ (Journal 
of the Indian Mathematical Society: New Series, Vol. IV, No. 8), 
have been re-stated here for the sake of clarity and ready reference. 


SECTION I 
(Characteristic Propertics of a Cylindroid and of Associated Surfaces) 


1, The cylindroid, first thought ot by Sir Robert Ball in course 
of his investigations on the theory of non-coplanar forces, is definable, 
in Pure Mathematics, as a cubic surface, whose Cartesian equation, 
referred to a specially chosen set of rectangular axes, can be thrown 
into the form 


a(x? + y?) = Qhey, 
It 1s certainly a cubic scroll of the right conoidal type, the general 


equation to the set of generators being 


2kà 


=À%, z= ——,, 
CE TR 


oe 


130 OO OH. BAGCHI 
where A is a variable parameter. Plainly the z-axis, which cuts the 


different generators at right engles, is the line of striction. It may 
be remarked that this property belongs to every variety of right conoid. 


Manifestly through an arbitrary point P (0, 0, y), situated on the 
axis OZ, there pass two generating lines, whose parameters are the 
two roots of the quadratic in À, viz., 


` yA? —-QkA+y=0. 


The two roots are equal, if and cnly if, y= +k. So there must exist 
two and only two points on the z-axis; viz., A (0, 0, k)and B 
(0, 0, —k), such that the two generators, belonging to any of them, 
are coincident. In the succeeding article other properties of these 
special points A, B will be put in evidence. 

2. It is. common knowlecge that, whenever ,a cubic surface 
possesses u double curve, that curve must be a right line and at the 
same time the surface must bea scroll, if noba cone. Conversely, 
every cubic scroll mu have a double curve in the shape of a night 
line, (say L), and its Cartesian equation is amenable to the symbolic 
form * 


« 


Ug tag tlo=0, ° e. (1) 


(where u, is a homogeneous cubic function of æ, y, and ugr Ua are 
homogeneous quadratic functions of the same two variables), it being 
distinctly understood that the srigin of co-ordinates is taken some- 
where on L, and that L itself is taken as the z-axis. ‘It will readily 
follow that every cubic scroll must have a binodal line (L) as its only 
multiple curve, and that the pairs of binodal planes, answering to 
the different binodes (situated, ro doubt, on L) constitute a pencil of 
planes in involution, whose fccal (or self-corresponding) planes are no f 
else than the two uniplanes, attaching respectively to the two unodes. 


The cubic scroll being taken in the standard form (1), 1b is not 
at all difficult to verify that the combined equation to the two 
uniplanes is 





J Ug Ve\= Buy Oily =0. 
ae apf Ba -a4 





è 
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In order to apply these results to a cylindroid, we have to set 
uz=0, Ug=a?+y? and v= —2kay, 


so that the equation (2) simplifies to z? -—y? =0. 

There is thus no escape from the conclusion that the two special 
points A (0, 0, k) and B (0, 0, —#)—referred to in Art. 1~are simply 
the two unodes of the cylindroid, anq that their associated uniplanes, 
viz., e-y=0 and 2+y=0, represent the two focal planes of the 
involutory system, determined by the pairs of binodal planes. 


3. In this article we propose to make a short digression on the 
plane at infinity and the circle at infinity. 


Suppose that from a real point R (lying on the plane at oo) two 
(imaginary) tangents RP, RQ are drawn to the imaginary circle at oo. 
Take any real point O (lying in the finite portion of space) as the 
origin of rectangular Cartesian axes, and take the line OR as the 
z-axis (x=y=0). Then the combined equation of the planes ORP 


and ORQ must be L 
(ytix)(y—tx)=0 f.e. z? +y?=0. 


Besides, the plane OPQ is given by z=0. 


Thus the combined equation to the trio of planes OQR, ORP, 
OPQ is 


2(e? +y2)=0, 


Conversely, any Cartesian equation like this is readily seen to represent 
an improper cubic cone, which has the origin for vertex and intersects 
the plane at oo along three right lines, two of which are (imaginary) 
tangents to the circle at oo and the third is their (real) chord of 
contact. 

4. Letus now utilise the lemma that an algebraic surface of 
degree n being given in the symbolic Cartesian form, 


Uat Un t+ Uneg teu +U,+U,+U,=0, ea (1) 


(where U, stands for a homogeneous quantic of degree r in æ, y, 2), 
the equation to the cone (of the nth degree), which has the origin for 
vertex and passes through the section of Q by the plane at oo, is 


U,=0. 
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Applying this lemma to a cylindroid (II), we forthwith deduce that 
the equation to the cubie cone, whose vertex is O and base is the 
section of IT made by the plane at a, is 


a(z? +y?)=0. 


Tf we now refer to Art. 8, we quickly recognise that the section of 
a cylindroid made by the plane at co is an improper plane cubic, 
consisting of two (imaginary) tangents to the circle at oo and their 
(real) chord of contact. 

In the next article we intend to examine the converse of this 
proposition with a view to framing a geometrical definition of a 
eylindroid. : 

5. Starting with an arbitrary cubic scroll Q and following the 
plan adopted in Art. 2, we may exhibit its Cartesian equation in the ' 
symbolic form 

Ug + eg +Vg=0, ww. (1) 


where presumabl 3, Ug, Ug are homogeneous functions of v, y of 
degrees represented b the associated suffixes, and the line of nodes 
has been taken as the z-axis, 77t 5 a 

” Then, by the lemma (1) of Art. 4, the cubic cone, whose vertex 
is O and base is the section of Q by the plane at oo; is given by 


Ug +2Ug=0. TE 


If we now impose the condition that the section of the scroll Q 
made by the plane at oo shall consist of two tangents to the circle at 
infinity and their chord of contact, then the equation (2) must, by 
Art. 4, be substantially the same as 


a(x? +y?)=0. 


For this to be possible, the relevent conditions are that uş should 
vanish identically and that u should be a numerical multiple of 
g? +y?. These conditions being propitiated, the equation (1), 
representing the scroll Q, boils down to the form 


a(a? +y2) = an? + Qhay + by?, ve (8) 


(where ~v.=axz? +Qhry+by?), By a suitable "rigid transformation - 
this equation is carried over into 


HE2 + 42) = 2kg. 


1 
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This being the canonical form of a cylindroid, the truth of the converse 
proposition, envisaged m Art. 4, is manifest. 

Unifying the results of this artlcle and of the foregoing one, we 
can enunciate the final proposition in the following manner :— 

The cylindroid represents the only type of (real) cubic scroll, whose 
section made by the plane ut infinily consists of two (imaginary) 
tangents to the circle at infinity and their (real) chord of contact. 


It is scarcely necessary to add that this may be regarded as a sort 
of geometrical definition of a cylindroid. 


In the next article our business will be to lay down another 
(equivalent) geometrical definition of the same surface. 


6. The general (Cartesian) equation of a cubie right conoid can 
be put in the form 


= agé? + 2a, fy + agn? (1) 
boé? + 2b,&n + bon? i 


By a suitable rigid transformation this EE ee be carried over 
into the form aO’ 


a(ax® + Qhay + by?) =2kxy. we (2) 
If we now introduce the condition that the two planes 
un? + Qhry + by2=0 
should each touch the circle at œo, we must have 
a=b, h=0. 


No generality is lost if we take the common value of a, b to be 
unity. On this understanding, (2) becomes 


s(a? +y?)=2kry, ` 


a 


shewing that the cubic conoid, restricted m the aforesaid manner, 
is a cylndroid. 


Hence, appealing to Articles 8 and 4, we may sum up the above 
investigations as under : 

The cylindroid represents the only type of (real) right conoid of 
the third degree, whose section made by the plane at infinity consists 
of three right lines, two of which are (imaginary) tangents to the 
circle at infinity. 

§—~1874P—3 
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It is worth while to seb up & comparison between this definition 
of a cylindroid and that in Art. 5. It is remarkable that when a 
eylindroid is to be defined as above, as a special variety of right conoid 
of the third degree, the qualifying clause to be mtroduced is that the 
section of the surface by the plane at oo should consist of three`rt, 
lines, two of which touch the © at oo. That the third (residual) 
line is the (real) chord of contact of the first two lines is to be looked 
upon as a subsidiary property, which follows by law of causation 
from the initial defining attributes. In striking contrast to this, 
there stands out the restrictive condition in the definition in Art. 5, 
viz., that the section of the cubic scroll by the plane at oo should be 
composed of two tangents to the © at X and their chord of contact. 


7, As observed in Art. 1, any right conoid—not excepting a 
cylindroid—partakes of the interesting property of having a rectilinear 
line of striction. i i 


We shall now.take cognisance of the most comprehensive form of 
ruled surface, tha gn claim a rectilinear line of striction. 


If for once we assume the lemma 2 that, if the line of striction” 
of a scroll behaves like a geodesic, it must cut the different generators 
at a constant angle, we immediately deduce that, when the line of 
striction of a scroll happens to be a right line, it must intersect the 
series of generators under a constant angle. For a right-line, lying 
wholly on a surface, functions like a geodesic. 


An alternative mode of procedure is based on the following (known) 
proposition :=— 


If the general equations of an arbitrary generator of a skew 
surface be 


aa a ne) 
(where a, 8, y, 1, m,n are given functions of a single variable para- 
meter t and 1?+m?+4n2=1), the parametric equations of the line of 


striction can be written as 


r=a+lr,y=B+mr, e=y+n1, - (2) 


CYLINDROID AND KINDRED SURFACES 135 


wheré r is a function of t, defined by 






































m, njxj Bl, y l+[n, 0 [x ly, wl+il, m (xa, B 
m,n m,n ni n, bf JE, m l, m (3) 
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m,n! niu U, m 

















and the dashes placed over the different symbols denote their differ- 
ential coefficients with respect to t. 


In applying this result, we may, at the very start, propose to find 
all possible skew surfaces that shall have an assigned right line 
(say K) for the line of striction. Without compremising the generality 


of the problem, we may choose K as the z-axis, so that we have the 


initial simplification : 
a=0, 8=0 and K x =0, 8 =0. 
Then (8) reduces to r 


— my (mn! — m'n) + Ly (nl — n'l) (4) 
Zm — min)? ‘ i 


T= 
and (2) becomes 


c=lr, y=mr,a=ytnr - .. (5) 


Since the curvo, defined by (5), is none other than the line (c=y=0), 
it is manifest that r=0 for all values of t. Hence (4) gives 


—m(mn!— m'n) + Unl!—n'l) =0, (for y'=0) * 
ie., —ni (12 + m?) +n(W + mm!) =0, 
ie, w(Ll—n®)+nn=0. CS +m? +n?2=1 and W+ mini + nn =0), 


ie., ni=Q, so that n is a const. 


Interpreted geometrically, this corroborates the result that an arbitrary 
generator of the ruled surface makes a.constant angle with the line 
of striction (e=y=0). 
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The general equations of a generator, viz. (1), now become 


een ia | l (6) 


where n is a constant, and y, l, m are functions of t, harmonising with 
the relation 1? +m2=1~—n2, 
It is now easy to see that the Cartesian equation of the surface, 
e 
obtainable by elimination of ¢ from (6), must assume the symbolic 
form 


riya /( . (7 


where f is a certain funttion. This function f being supposed to be 
arbitrary (and ,*, disposable), zke Cartesian equation (7) may be looked 
upon as representative of the most unrestricted form of scroll that’ 
can have an assigned rectilinecr line of striction (conveniently chosen 
as the z-axis). It goes without saying that (7) defines a right conoid 
and nothing else Wen the constant k vanishes. So (7) comprises’ 
a class of surfaces far’wider than that of right conoids. l 


Section II 


(Polar Quadrics and Associated Loci) 


8. Suppose that ILis an algebraic surface of degree n, whose 
equation, involving homogeneous co-ordinates æ, y, z, w referred to a 
given tetrahedron, is 


g(a, Y, z, w)=0. < 0) 


Then, as is well known, an arbitrary point P (a/, y’, 2/, w') has, asso- 
ciated with it, n— 1 polar surfaces of the type 





A’¢=0, a (2) 
where 
ð fs) ð ð — 
= yl. afl 1 fs Ns 
Aza ae By +z T E 
Ep (2, Y, & w) : 


and the positive integer 7 ranges from 1 to n~1, 


X 
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Plainly (2) is equivalent to 


D*-"g=0, 
where 
_, 9 ð 8 ) eee 
Dae lage Fee a og and ¢=¢(x', y', 2, w). 


In particular, the polar quadric of P (a’, y', 2’, w) with respect to IL 
is given by 

D?.9(a', y', 2’, w')=0, 
which, written at full length, may be exhibited in the symbolic form: - 
ax? + by? + cz? + dw? + Qfys +2gzæ + Whay + law + 2myw + 2naw=0,..-(3) 


where a, b, c, d, f, g, h, l, m,n stand respectively for the partial 
diff -rential co-efficients 


o% 87% o% Ə% 9% _ ©% _ 3% 
3x2’? ay?’ O22’ Awl’ Oy daz’ 02! Qa! ’ Ox By!’ 








om- ə% ə% 
wdw’ OylOw!’ rw’ 


and ¢ stands, as before, for ¢(2',-y’, 2’, w').- 


It is in the fitness of things that the point P traces out a surfaces 
locus or a curve-locus according as its associated polar quadric K 
is subjected to one or two imposed conditions. : 


We shall take up a few illustrations of this principle. — 


Ezample I. When K is required to be a cone, the point P is 
known to move on a surface-locus, Qj, which 1s called the Hessian. 
The Hessian, whose equation is given in the well-known deter- 
minantal form, is of degree 4(n—2), and the locus of the vertices 
of the conical polar quadrics, answering to different points on it, 
is another surface, which is called the Steinerian and which coincides 
with the Hessian, if and only if, the original surface IL is a cubic. 


Ezample II. In order to investigate the locus of a point, 
whose polar quadric is a paraboloid or a surface of revolution, it is 
expedient—but not obligatory—to use homogeneous co ordinates 
(x, Y, #, w), referred to that tetrahedron, of which three faces are, 
identical with the three rectangular (Cartesian) co-ordinate planes, 


Y 
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and the fourth face is the plane at infinity. So we may supposé 
x, y, 2 to be the same as the ardinary Cartesian co-ordinates, and w 
to be equal to unity. . f 

On this understanding, it is easy to see that the polar quadric. K, 
as given by (8), becomes a paraboloid, if 


a, h, g | =0. 
we h, bej (8 
g, f, ¢ 


Herice the locus ‘of ’a point, whose polar quadric is a paraboloid, is a 
surface (Qg) of degree 3(n — 2). g ; 


Ezample III. The homogeneous co-ordinates being chosen as in 
Ex. II, it,is abundantly clear that the polar quadric K will be one of 
revolution, if any one of the following sets of conditions holds :— 


Dü a-Bad Hao; (6) 

(i) g=h=0, (a-b)(a-c)=f9; wa 

(iii) h=f=0, (b—c)(b—a)=g?; we (8) 

D, (iv) f=g=0, (ce—a)(o—b)=h2, ` we (9) 


Hence, if the polar quadric K be a surface of revolution, the related 
point P must either lie on she curve J given by (6) or else coincide 
with one of the finite number of points defined by each: of the three 
triads of equations (7), (8), (9). 


Example IV. Arguing from first principles, we can legitimately 
expect that, when II is an algebraic surface of the ordinary type, 
there must exist only a limited number of points, whose polar 
quadries are right circular comes, and that such points are simply the 
points of intersection of the curve 3 with the Hessian Q,. Itis 
not inconceivable that, for exceptional types of surfaces, points of 
this description should be infinite in number and claim a curve-locus. 
Plainly such a contingency can arise, when and only when, the curve 
= lies on the Hessian Q4. That this is, as matter of fact, the case 
with a cylindroid, will be substantiated in the following article. 


. 
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Ezample V. A similar train of arguments makes it plain that 
ordinarily there must exist a finite number of points, whose poler 
quadries are paraboloids of revolution. Evidently, points such as these 
are the points of intersection of the curve X with the surface Qg. 

9. Asa preliminary to the application of the results of Art. 8 
to a cylindroid II, we have to represent the position of a point by 
means of homogeneous co-ordinates (%, Y, z, w) with reference to the 
special tetrahedron, three of whose faces are the three Cartesian 
co-ordinate planes, the fourth face being the plane at oo. So, as 
observed in Art. 8 (Ex. TI), æ, y, z are identical with. the three Carte- 
sian co-ordinates and w may be put equal to unity. With this proviso 
the homogeneous equation to II is expressible in the form 


olz, Y, a, w)=0, 


where olx, Y, 2, w)=2(a? +y2) —Qkayw =0. 


Ca) 


It may be noted, for future use, that the polar,quadric K of an 
arbitrary point P(a’, y’, z',w’) is given by. the homogeneous equation 


OF 1 OF 5 41 OF 5 yy OF 
| enka ie l t ! = 
x 5x +y ay +2 a5 Bw 0, 
or by the equivalent Cartesian equation 
ale? + gly? + Qy! ys + Qe!.2a— kay —Qhy'e—QWke'y=0. ... (A) 


Example (i). To find the Hessian 0,, we may seek the locus of P, 
subject to the condition that (A) may denote a cone. Anyway, the 
Hessian is easily obtained in the simple form 


(x? —y?)?=0. we 0) 


Recollecting the results of Art. 2, we learn that the Hessian is an 
improper quartic surface, compounded of the two uniplanes (x2+y=0 
and «—y=0), each counted twice. 


Furthermore, reliance being placed on the known theorem that 
the parabolic curve of a surface II is its partial curve of intersection 
with its own Hessian—the residual curve of intersection being possibly 
the multiple curve or curves (if any) of I]—the legitimate inference 
is that the parabolic curve of the cylindroid is a degenerate twisted 
curve of the second degree, consisting of the two rt. lines: 


ye, y= 2 
and 
=k; z= —k, 
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Hence by Art. 1 we are led to believe that these two constituerit 
lines of the degenerate parabolic curve can also be designated as the 
two generators passing respectively through the two unodes (0, 0, k) 
and (0, 0, ~k). 


Example (ii). To find the surface-locus Qg of points whose polar 
quadrics are paraboloids, we have to look to (5) of Art. 8. On the 
strength of (A) of this art., the equation of Qg can in a trice be 
simplified to the form 


a(w2 + y?) = —Qhey. n. (2) 


Verily, then, Qg 1s also a cylindroid, which may be regarded as 
the exact prototype of the original cylindroid and is, so to say, its 
image in the zy-plane. 


Example (iti). To determine the curve-locus (X) of a point whose 
polar quadric is a surface of revolution, the needful is to reckon with 
the equation (6) of Art. 8, which, in the present case, reduces to” 


we =y? and eth oa we (8) 


Hence the curve X is degenerate and is composed of two parabolas 


21, Sg, defined respectively by the pairs of Cartesian equations ` 
y =a y =- 
and we (4) 
z2?=k(k +z) z?=k(k-2). 


Example (iv). When, however, we search for points whose polar 
quadrics with respect to a eylindroid are ght circular cones, we are 
confronted with an exceptional case; envisaged in Ex. IV of Art. 8. 
The reason is not far to seek. For one of the two conditions marked 
(8), which have to be fulfilled by a point P in order that its polar 
quadric may be one of revolution, is precisely the same as the condi- 
tion for P to lie on the Hessian Q,. Thus, unhke an ordinary 
algebraic surface, the cylimdrojd does admit of an infinite number 
of points, having their polar quadrics in the form of right circular 
cones. In point of fact, the two parubolus X, So must, when taken 
together, be regarded as the complete (improper) curve-locus of a 
point whose polar quadric is a right circular cone. By way of 
tautology, we may affirm that, if the polar quadric of a point with 
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respect to cylindroid be a surface of revolution, it must be a right cone 
and at the same time the point itself must lie on one or other of the 
two parabolas 34, Xo. 


To study more fully the ‘aggregate of right circular and conical 
polar quadrics, it is incumbent upon us to discriminate between two 
cases as follows :— 

Case I. First suppose that P (#’, 7’, z/) lies on the parabola 3. 
Then we must have i? 


y'=! and &!?=k(k+z'), xa (0) 
so that the polar quadric K, as defined by (A), takes the fein 
g'(x? +y?) + Qa! (ye + 2x) Soki —2kal(e@+y)=0. 

By elementary sApebnsto manipulations, this equation can, by aid of 
(5), be brought to the form 


g2? +y? + (z-—k)?= Sa [Met y)— ale + ka], 


which, on the face of ib, typifies a right circular cone, whose vertex is 
the unode (0, 0, k) and axis is the line 


One cannot, then, get away from the conclusion that the polar quad- 
rics, answering to the oo! of points, lying on the parabola X), are 
so many right circular cones having a common vertex, viz., the unode 
(0, 0, k). Itis remarkable that the locus of the axes of these cones 
is the associated uniplane (y=). (Art. 2.) 


Case II. Secondly suppose that P (a’, y’, 2’) lies on the parabola 
Ze. Then, as a matter of course, we have 


y'= Zal and g2=k(k—a'), 
so that the polar quadric K, as given by (A), assumes the form 
: al(a? +y?) — Qa! (yz — zx) —Qkay + 2kæ!(x—y)=0. 
Elementary algebraic artifice converts this into 


x2? +y? + (z +k)? = sy [Me—y) taletha!)?. 


7—1874P—8 
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This certainly points to the conclusion that K is a right circular 
cone, whose vertex is the unode (0, 0, —%) and axis is the line 


atk | 
zl 


k 





2s —y= 


Hence we are entitled to conglude that the polar quadrics of the 
oo! of points, situated on the parabola Zp are a series of right circular 
cones, whose vertex is a fixed point, viz., the unode (0, 0, — k), and 
whose axes are constrained to lie in a fixed plane, viz., the related 
uniplane (y= —z). (Art. 2.) 


Example (v). When, however, we want a point whose polar quad- 
ric shall be a paraboloid of revolution, we have simply to note the 
several points of intersection of the two parabolas 34, So with the 
image of a cylindroid, viz., Qo (Ex. ii). Without much ado one can 
demonsirate that the only points, whose polar quadrics are para- 
boloids of revolution, ate the two unodes (0, 0, k) and (0,0, =k). 
The (paraboloidal) polar quadrics of these two points are both 
degenerate and consist of the two uniplanes counted Ee, vir., 
(z—y)?=0 and (g +y)? =0. 


10. Itis worth while to seek for analogous properties of a cubic 
scroll. Take the nodal line of the cubic scroll as the z-axis and throw 
its Cartesian equation into the symbolic form 


Ug thug tg=0, | we (1) 


where U3, U2, Vg are homogeneous functions of æ, y of degrees defined 
by the respective suffixes. 


Homogeneous co-ordinates being now adopted on the plan of 
Art, 8 (Examples ii, iii, iv, v), the homogeneous equation, equivalent 
to (1), becomes 


(x, Y, #, w)=0, 
where G(x, Y, 2, W)HUg t+ 2g + wry. 


The equation ‘of the Hessian takes the form 


Ug, Vo 4 
J =0, 
a Yy 
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Since, by Art. 2, the Jacobian equation 


- {Ug, Vo 
( )=0 we (2) 
z, y 


denotes the two uniplanes of the given scroll, we can conclude that 
the Hessian (quartic) of any given cubic scroll—be it a cylindroid or 
not—is composed of the two uniplaneg, each reckoned twice. 


The determination of the parabolic curve of the scroll calls for a 
scrutiny of its curve of intersection with the degenerate Hessian (2). 
So the preliminary step is to solve the binary quadratic (2) for the 
ratio y:a, so as to express the individual equations of the two uniplanes 
in the forms i 


y=Ax and y=pa, 
where A and u are determinate scalars. 


The equation (1) of the given scroll may now be taken in the form 


fs(a, y)+2fola, y) + Yale y)=0, w+ (8) 
provided that we set 


Ug =f3(x, y), ug =folz, y) and Ve=Yo(a, y). 


It is now a pleasant job to verify that the complete intersection 
of the scroll (1) or (8) with the uniplane y=Az consists of the nodal 
line (c=y=0), counted twice, together with the right line defined by 


y=Ax and af3(1, A) +efa(L, A) + Yall, A)=0. we (4) 


Similarly, the intersection of the scroll with the other uniplane 
y=pex consists of the same nodal line (reckoned twice) and the 
rt. line defined by 


y=px and fall, w)+efo(1, uw) +¥e(1, w)=0. w (5) 


We cannot, therefore, get away from the fact the two lines (4) and (5) 
constitute the parabolic curve. To characterise these lines adequately 
we observe in the first place that the typical equations of the generat- 
ing lines of the Scroll (3) are 


y=te and afg(l, t)+afall, t)+¥a(L, t)=0, 


where t is a variable parameter. Consequently, through an arbitrary 
point P (0, 0, y), lying on the nodal line, there pass two generators, 
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whose parameters are given by the quadratic in t, viz., ~ 
Yall t) +Ya(1, t)=0. 


These two generators will coincide, when and only when, this 
quadratic equation has two equal roots, necessitating the quadratic 
expression j 


yfela, y) + Pele, Y) =YUgt Vo 


to become a perfect square. In other words, the two generators 
passing through P are coincident, if and only if, the two. attached 
biplanes yuo+vg=U coincide. So the two unodes are the only points 
for each of which the associated generators are identical. Moreover, 
the generators, passing through the two unodes, are respectively. 
identical with the two lines (4) and (5). 

The final results may then be condensed thus: 


The parabolic (or spinodal) curve of a cubic scroll of the most 
general form consists of two right lines, which can be designated 
as the generators, passing through the two unodes. 

This is a generalisation of the corresponding theorem on a ceylin- 
droid. (See Art. 9, Ex i.) 

11. We state the following theorem on the locus of points whose 
polar quadrics, with respect to a cubic scroll (II), are paraboloids: 

The locus of points, whose polar quadrics with respect to a cubic 
scroll of the unrestricted kind are paraboloids, is another cubic scroll, 
cluiming. the self-same nodal line as the first. 


Readers may supply the proof and also investigate other kindred 
loci connected with an arbitrary cubic scroll in a manner analogous 
to that adopted in the case of a cylindroid (Art. 9.) 

12, The cylindroid (Ti. defined usually by the Cartesian equation 


~ 


a(x? +y?)=Qkay, 
can undoubtedly be thrown into the parametric form 
k x=p cos q, y=p sinq, z=k sin 2q, e (0 


where p, q'ăré two independent parameters. 
The formula of rectification in compact form is 


ds? =dp? + D2dq?, 


where - D2 =p? +4k2 cog?2g. 
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Hence we conclude that the series of parametric curves q=const. 
: are a family of geodesics and that the other set of parametric curves, 
viz., p=const., are the associated set of geodesic parallels. 


The parametric curves g=const. are the generators of the cylin- 
droid. It follows, then, that the curves p=const. may also be 
designated as the orthogonal trajectory of the set of generators. 

It is clear on all hands that an arbitrary curve (say, Ta), belonging 
to the system p=a, is representable by the Cartesian (parametric) 
equations 


w 


x=a cos t, y=a sin t, #=k sin 2t, sé (1) 


and is .", a twisted quartic curve, formed by the intersection of the 
right eroul cylinder ‘ 


-e (2) 


with the paraboloid . a?g =2kæy. a (3) 


Apropos of this we may observe that, through any assigned twisted 
quartic curve, there can always be drawn at least one quadrie but an 
infinity of cubic surfaces. Further, if the number of quadrics, that 
pass through a given (twisted) quartic, exceeds unity, it must be 
infinite. As a matter of fact, this differentiating feature forms the 
basis of classification of twisted quartic curves. 

To be more precise, a twisted quartic (curve) is said to be (i) of the 
first species, when it is the complete intersection of two (and .'. of 
infinitely many) quadrics; and (ii) of the second species, when it is 
the partial intersection of a quadric and a cubic surface. In this latter 
case, the residual intersection is, of course, a curve of the second 
degree. 

Furthermore, quartic curves of the -second species are, without 
exception, unicursal, but those of the first species are generally 
bicursal but exceptionally unicureal. As an illustration of this 
exceptional variety of unicursal quartic curve of the first species, we 
may mention the assemblage of curves of the type {I1',}, defined by 
(1). In support of this statement, we have simply to introduce a new 
parameter u, connected with the old one, viz., t, by ‘the relation 
u=tan $, so that the parametric equations (1) of I, may "be converted 
into 


_, l-u? 2u _ 4, “(i —u?) 
e Sai Teun! 54k ae 


at 
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These equations prove the assertion that I’, is a umicursal quartie” 
curve of the first species and lies in the finite portion of space (so long 
as a is finite). Summing up, we can say that the orthogonal trajec-~ i 
tory of the set of generating lines of a cylindroid is composed of a 
family of unicursal quartic curves of the first species. 


It may be added that the original cylindroid admits of generation 
as a surface-locus-from the oo} of. quartic curves {T4}, obtained by 
varying the constant a. 5 
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` 





PROPERTIES OF MUTUALLY SELFPOLAR TETRAHEDRA 
By a 


Same Ram MANDAN 


s 
(Communicated by Prof. C. V. H. Rao) 


Tha object of this paper is to give an account of mutually selfpolar 
tetrahedra as a generalization of mutually.selfpolar triangles.’ 


I start with the definition and existence, of mutually selfpolar 
tetrahedra, which implies the commutative Law of Multiplication 
[§§1, 2]. . 

Next I arrive`at the desmic configuration by imposing certain 
conditions on a pair of mutually selfpolar tetrahedra [§§8, 4, 7, 8]. 


Then there arise a number of theorems as follow: 


Any two mutually selfpolar tetrahedra are retiprocal w. r. t. four 
pairs of quadrics, quadrics jn each pair having four generators 
common [§ 6]. 2 


If two mutually desmic tetrahedra be selfpolar to another tetra- 
hedron, a pair of skew edges of the latter tetrahedron coincides with 
a pair of edges of the tetrahedron desinic with the former two [§9]. 


There exist two tetrahedra desmic with two mutually selfpolar 
tetrahedra [§11}.. A 


There exists a set of five tetrahedra such that every. two of them 
are desmic, their centres of perspectivity being the points common 
to the remaining three. Two pairs of edges of each tetrahedron of 
a triad of them are generators of a quadric for which the remaining 
two are self-éonjugate. There are ten such quadrics called funda- 
mental ? for Kummer’s surface. 


ve 


1. Existence. Let A,B,C,D; be a tetrahedron T,; B2, Cy, Dg be 
the harmonic inverses? of a given point Ag w. r. t. the pairs of lines- 
A,B,, CDi; C,A,, B,D; -A,D,, BjC, respectively. Now, if we 
call ByCyDo as the polar plane of Ag w.7.t. T,, we see that this 
polarity * is the same as referred to the quartic surface consisting of, 
the four faces of T,. Since the edges of T, are double lines of this 
surface and the polar planes of By, Co, Do w.r.t. it pass through 
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Ag, the polar cubic* of Ag w.r. t. it contains By, Cy, Dg and the 
edges of T}. The section of this cubic by the plane BCD is the 
degenerate curve *. consisting of the three hnes CDa, BeDe, Boo, 
as the diagonal triangle of she quadrilateral formed by the lines 
common,to the plane BaCgDo and the faces of T, is seen to be 
BCD, and thence the lines CaDa, BypDy, BgCo meet the pairs of 
edges of T}. 


Hence the polar plane of any point on the lines C.D, BeDs, 
BaCo w. r. t. Ty passes ^ throcgh Ag and that of Da is seen to be 
A,B,Ce. Now, if we take a pair of points By’, Cp! on BoC separated 
harmonically by the lines B,C,, A D}, the tetrahedron A,Bo'Co’Dy 
is such that its faces are the polar planes of the opposite vertices 
w. r. t, Tı. Such a tetrahedron may be said to be selfpolar to Ty 
which is again seen to be related to AgBy'Co’Dg in the same manner. 
Hence Tı and ABC’ Do constitute a pair of mutually selfpolar 
tetrahedra, 


2. Commutative Law of Multiplication. Let the vertices of a 
tetrahedron T be denoted symbolically® by A, B,C, D and A, be 
a point such that A,+A+E+C+D=0. Now the polar plane of 
A, w. r. t. T, as defined in §1, is seen to contain six points of the 
type B-C; hence any point B, in this plane may be taken as 
H(A—B)+9(B—C)+¥(C~D), ie. B,=dA—(0—¢)B—(o—y)C—yD. 
Again the polar plane of B, w. r. t. T contains the points 6A + (0—¢)B, 
(0—¢)B—4D, (8-¢)B—(e-yY)C. Hence the polar plane of B, 
w, 7, t. T will pass through A, if the four points, A,, 6A+(@—¢)B, 
(0—¢)B—yD, (@-¢)B—(¢-#)C are linearly related. For this, in 
view of —A,=A+B+C+D, we need (g—y)[6(A+B+C+D) 
— {0A + (6-9)B}] -0{(¢—9)C— (6-9) B} = K{(6-9)B—yD}. 


We have, on comparing the coefficients of B, C, D respectively, 
(p-¥){9~ (6-9, }-O{- 6-9) } =KO—9), 
(g-¥)6-O(9-Y)=0, (g—-YO=K(—y). 


The second of these relations is equivalent to (¢—y)@=6(¢—y). 
When this relation holds, i.e., when the Commutative Law of Multi- 
plication holds, the first and third relations lead to ¢(6—y)\(@—-g+YP)=0, 
The three factors, each equated to zero, give the three forms for the 
symbol B,' according as B, is on the three lines of §1. 


* Mr, Asghar Hameed proves it analytically. 
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3. If T,, Ts; be a pair of mutually selfpolar tetrahedra (a pair 
of skew edges of T, then meets a pair of edges of Tg), a second pair 
of skew edges of T, meet a second pair of edges of T3, and the third 
pair of edges of T, meet the third pair of edges of T, and thence Ty 
is deamic with Ts. 


& 
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Let A;B;C;D; be the tetrahedron T;. As T, is selfpolar to 
Ts, let A,D,, B,C, meet BC; in Pi, Q; and AD; in Py, Qe 
respectively such that (ADi, P,Pe)=(B,Cy, Q1Q2)=—1=(B,Cz, 
P,Q;)=(AgDz, PeQe). The lines A3B3, CD, PiP, QiQo then 
generate a quadric. Suppose further that C,A,, B,D, meet C,Az, 
BDz, then C,A;, B,D, are seen to be separated harmonically by 
the pairs of points C3, Az; and Bz, D3, hence AgB;, CDa, C, Ay, 
B,D, generate another quadric. The two quadrics have A3;Bg, 
CD; as their common generators and therefore they have in common 
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two other generators which meet ABa, C3D3, C,A,, ByDy, PyPy, 
Q1Q2; they cannot be then other than A,B}, C,Dj. 

Again-let the triads of the planes B,C,B,C3, C,A,CgAz, 
A,B,A3B3; A3B,CyDs, ABCD, A,B,A3B3; A,B, C3Dz, 
ABC Dg, C,4,C3Ag; A,B3C,D3, ABCD, B,C,;B,C3 meet 
in the points A», Bo, Co, Da respectively. The six planes B,C Dg, 
B,C,Ag; CyA,D3, C1442; AB,Ds5, A,B,Ay meet in pairs in 
three lines lying ina plane. Hence" T; (i=1, 2, 8) are the tetrahedra 
of a desmic configuration and we see that A,D.BeCy meet AD}, 
B,C,, A3D3, B303; therefore they coincide with P,Qo, PoQi. 


4, If T, is a tetrahedron selfpolar to another tetrahedron T and 
perspective to it from a point Ay, T, is desmic with T,. 

Let A,B,C,D; be the tetrahedra T, and A,D,, B,C, meet B,Cg, 
AD asin $8. As (B101; Q;Qe)=(B3C3, QP) it follows that 
Ag lies on P\Qe if we suppose that A,A3, B,B,, C,;C3, DiD; 
meetin Ay. Now A,A3, meets B,B;, therefore A,B, meets AB}; 
again as (B,C,, Q1Qg)=(A Dy, P,P2) and AB meets A, By, P,Q), 
PoQo, it meets C,}D,. Similarly C¿Dş meets CD, AB}. Hence 
by §8, T, is desmic with Ts. 


5. Let T, T} bea pair of mutually selfpolar tetrahedra, ABCD, 
ABCD, such that BC, AD meet A D; in P}, Po and B,C, in 
Qi, Qo respectively and (BC, P,Q,)=(AD, P,Q.)=—1=(A,D,, 
P,P.) =(ByCy, Q\ Qe). The two teirahedra selfpolar to T, T, and 
perspective to them respectively from a point on either of the lines 
Pi Qe, PaQi are mutually selfpolar.* 


Let Ag be a point on PQ. A pair of edges, say B5C3, AD 
of the tetrahedron T, selfpolar to Tı and perspective to it from A, 
is seen to be coincident with tke pair of lines P}Q,, P,Q. such that 
(BC, P,Q;)=—1=(AzD3, P3Q2) while a pair of edges of, say 
A,/D,’, B,’C,! of the tetrahedron T’ selfpolar to T and perspective 
to it from Ag coincides with the pair of lines P,Po, QQ such that 
(Ag'Dg!, Py Pe) = —1=(B3/C3/, Q;Q2). Hence T; is selfpolar to Ty. 
Similar is the case when we start from a point on P,Q). > 


6. Any two mutually selfpolar tetrahedra are reciprocal w. r. t. 
four pairs of quadrics, quadrics in each pair having jour generators 
common. 


* This result and those in §§7,12 are obtained by from Mr. Asghar Hameed _ 
apélytically ; here is the geometric treatment, 
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Let T, T, be the tetrahedra as in §5. Now consider the quadrics 
for which AD, B,C, and BC, A,D, are pairs of polar lines. 

Let $, be one for which AB is polar to A,B, and thence CD is 
polar to C}D,; and X,’ be another for which AB is polar to C,D, 
and thence CD is polar to A,B,. As (ADı, P,P,.)=(CB,P,Q,), 
CA,, BD, meetin a point P on the line P,pQ,. The polar line of 
CA, w. r. t. 3, is seen to be the line’ common to the planes CAD} 
and ABC; and that of BD, is the line l common to the planes 
A,B,D, and BCD. Hence the polar plane of P w.r.t. $, is the 
plane 1, V which is also seen to be the polar plane of P w. r. t. 3’. 
Let this plane meet PQ; in the point Q, say. Hence P, Q, ami 
Po, Qr are pairs of conjugate points for both %4, 34’. Therefore 
PQ meets 3, 5,’ in the same points say By, Cy which are the 
united elements of the involution determined by P, Q and Py, Qi 
as pairs of corresponding points. Hence 31, X,’ have the same 
generators P Bo, PO, at Py and QoBo, QeCe at Qo. 3i, By’ give 
us one pair. We have another pair Xo, 3’ for which AB is polar 
to Cy Ay, B,D, respectively. ° 

Similarly we have two other pairs of quadrics, for which the given 
tetrahedra are reciprocal, which have the same generators at Pg, Q3. 


Analytically the equations of the quadrics may be put down as 
vot)? + {y +2)? £2(y—2) (e+ #)}=05 
and (y—2)? +v{(e+t)? +2(@—t){y +2)}=0; 


: where (1, 1,1, 1), (-1, vy, 7Y, 1), (-1, —~V, V, 1), (1—1, -1, 1) 
are the co-ordinates of A,, B1, C1, D, respectively referred to T. 


7. Let T, T} be the tetrahedra as in §6 and if we apply harmonic 
inversion w.r.t. a pair of skew generators common fo a pair of 
quadrics for which T, T} are reciprocal such that T inverts into T3’ 
and T, into T3, then T3’, I's are respectively desmic with T, T}. 

Let us invert T; w. r. t. PBa QoCo[§6]. Pi, Qo invert into 
themselves; Po inverts into Q;. The inverses of A,, D, are the 
points Cg, Bg where P,Q, meets CpA,,CgD,. Now ABg, CD; 
meetin By for (A Dı. P,P,)=(B3C3, P,Q,;)=—1. The inverses 
of B}, C, are the points Az, Dz where BB}, BoC; meet PQ. 
Hence T, is -selfpolar to Az,B,C3Dz,i.¢e., Tg and perspective to it 
from Bo. T, is therefore, by §4, desmic with Tg. 


Similarly for T we find T3’ desmic with it. 
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8. The eight vertices of two mutually selj polar tetrahedra are asso- 
ciated if und only if the tetrahedra are mutually desmic. 


Let the tetrahedra be T}, T and suppose their vertices are a set 
of eight associated points, then T,, T must be self-conjugate for 
a quadric &.° 

Now if T, be A,B,C,D,; end A,D,, B,C, meet AD, B303 
asin §8; and ifA,D, meets 3 in P,’, Po’; ByCy in Qi Qz; A3D3 
in A, D; BC, in B, C; then P,Q,’, PQ and Py’Qo', Pe’'Q,’ are 
pairs of generators of & of different systems; therefore either of the 
pairs, say P,/Q,, Po/Qo’ meets either of the other pairs of generators 
AB, CD or CA, BD, say AB, CD of 3. f , 

Again AB, CD, A,D,, B,C, are met by AD, BC, P,’Q,’, Pyy, 
hence these sets of lines generate another quadric 3/ of which, by 
the Lemma,* either A3B3, C3D, or CgA5, BD}, say A3B3, CD; 
and either A Bı, C,D, or C,A,, B,D,, say A,B,, C,Dy, are 
generators, i.e., AyB,, C;D, meet ABg, CgD 3. Hence, by $8 Ty 
is desmic with Tg. 


9. Let T, (i=1, 2, 8) be the tetrahedra of a desmic configuration; 
then two of them, say T,, To may be selfpolar to a tetrahedron ‘lV 
different from T, if and only if a pair of skew edges of T! coincide with 
a pair of skew edges of T3. 


Let T' be A’B/C’D! and T, asin §2. As T'is selfpolar to T}, let 
BC, AID! meet A,D, in Pj’, Po’ and B,C, in Qy’, Qo! respectively 
such that (B'O, Py/Q))=(A/D!, Pe’Qe’)=—-1=(A,D,, P,/Py)= 
(By Cy, Q1'Qo’). 


* Lemma: Let P.G=1, 2, 3, 4) bə points ona line! and P,” on another line 
l such that (P, PaP Pa) =P, P'a PaP). 

P,P,’, PaPa’, PsP’, P,P.’ generate a quadrie and P,’P,, P.“P,, PPa, P,’Ps 
generate another quadric as (P,P,P,P_;=(P,P,P,P,). These quadrics have 1, V 
as their common generators, therefore they have in common two cuther generators 
which meet l in Q, R and I’ in Q’, R’ respectively. Then (P,P,, QR)=—1=(P,P,,’ 
Q'RI=(P3P,, QR)=(P.’Py’, QR). For, (P/P, QR)=P, (Pa, QR, =(P, PL, 
QR’) as P,P: QQ, RR’, P.P.' and >,’P., P.P,, QQ’, RR’ generate quadrics. 
Hence (PPa, QRI=—1. Similarly (P,P,, QR)= ~1=(P,’P,’, QR’). 

Conversely, if Q, R and Q’, E’ be point-pairs on] and V, respectively, such that 
they are separated harmonically by the line pairs P,P,’, P.P,’ and P,P‘;, P,P,’, 
then either QQ’, RR“ or QR’, QR will be generators of both the quadrics given 
bove. 
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Now T’ may be selfpolar to To if a pair of skew edges of T’ 
meets a pair of skew edges of Ta. There are then ning cases to 
consider. 


(a) A’D/, BC! cannot meet AgDo, BoCa unless AD, B/C! coin- 
cide with AsD3, BCs. 


(b) Let A/B’, O'D' meet AgDg, ByCy. T’ is selfpolar to Te if 
A’, B' and C’, D’ are separated harmonically by the lines A,D., 
BC whereas Ag, Dg and By, Ca by the lines A'B’, CD’. But 
Ae, De, snd By, Cy are separated harmonically by the lines 
A,D,, B,C, also, Hence, by the Lemma, either ABe, CyDo or 
CoAg, BaDg, say ABg, CoDy are generators of the quadric generated 
by A’B’, CD’, A Di, ByCy, AgDe, BoCa, A/D’, BIC’, “therefore C/A’, 
B'D! meet CyAg, BaDo [$1]. 


Again A,B,, CiD, meet ABa, CgDo2, AyD, B104; hence they 
are also generators of the quadric and therefore meet A/B', C’/D/. 
Then C'A’, B'D! meet CyA,, ByD,. Hence C/A’, BID’ coincide with 
C,A3, BgD; and T' is desmic with T}, Ts. 5 


(c) Similar is the case when ByCy, AgD, meet CA’, BID’. 


(d) Let A'B’, C’D' meet AgBy, CoDg. Tis selfpolar T, if A’, B’ 
and ©’, D’ are separated harmonically by -the lines ABa, CD93 
whereas Ag, Ba and Cy, Do by the lines A’B’, CD’. Hence A'B, 
C'D', AgDg, B209 generate a quadric and A'B’, C/D’, A Di, B,C,, 
AD, BC generate another quadric. These quadrics have in common 
the generators A'B’, C/D’ and therefore they have in common two 
other generators which meet A'B’, C'D’, ADi, B,Cy, AgDyg, Bolg. 
“They cannot be other than AgD3, B3Cz. 


Similarly it can be proved that ABa, CD, meet A’D!, B/C! but 
they also meet AgD3, BzC3; hence they are generators of the second 
quadric. Now A,B,, CiD; meet Az;Bz, CgD3, AD}, BC; hence 
they meet A'B’, C'D'. Hence T coincides with T, contradicting the 
hypothesis. 

Similar are the following three cases when 

(e) C’A!, B/D’ meet AgBg, CyDa: 

(f) CA, BID! meet CaAg, ByDo; 

(g) AB', C'D! meet CoAg, BogDg. 
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(h) Let A'D!, BIC! meet AgBy, CoDa. T is selfpolar to To if 
A’, D' and B’, ©’ are separazed harmonically by the lines AgBo, 
CoDg whereas Ay, Ba and Ca, Dg by the lines A'D’, BC’. Now 
Py’, Q,/-and Py’, Qg' are point-pairs on B/C’, A'D’ respectively and 
are seen to be separated harmonically by the line-pairs A’B’, C/D/ 
and ABa, CoDo. Hence, by the Lemma, either P,P, Q,’Q2’ or 
P Qg, PQ’ are generators of he quadric generated by the lines 
A'B’, OD’, ApBo, CaDo. 


(i) Suppose P)’/Po’, Q1’/Qo/, i.e., ADi, B,C, are the generators. 
AgDe, BaCg meet A,D,, B31, ApBo, CoD. and therefore meet 
A'B', C'D’. The case then reduces to (b). 


(ii) Suppose P,’/Q,’, PQ’ are the generators. Now consider 
another quadric generated by P/Q, PQI’, AgDe, B2Co. This 
quadric has in common with the former one the generators P/Q)’, 
P,'Q,’ and therefore the quadrics have in common two other 
generators which meet A'B!, C/D!, ApBo, CoD, AoD, BoCa. They 
cannot be other than CyA 9, BoDg. The case then reduces to (g). 


(k) Similar is the case when A/D’, B'C! meet CgAo, BoDo. 


10. Conversely, if T, T, b2 tetrahedra mutually selfpolar, there 
exists a family of tetrahedra T; which are selfpolar to T and desmic 
with T,. The centres of pe spectivity of T,, Ty lie on the pair of 
edges of T that mect a pair of edges of Tı. The points common to 
these pairs of edges lie on a paiz of edges of To. 

Similarly there exists a family of ‘tetrahedra To’ which are self- 


polar to T} and desmic with T. Tg and Ty! have a fixed pair of edges 


common. `a 


11. There exist two tetrahedra T , Ta! which are desmic with a 
pair of mutually selfpolar tetrakedia T, Tı. The pairs of vertices of 
Ta, Ta on each of their common edges are harmonic, 


Let T, T} be asin §4 and Q, (i=1, 2, 8, 4) be quadrics generated 
by PyQe, PoQi, A1By, CFD1; PiQe, P2Qy, CA, ByDy; PyQe, 
P.Q;, AB, CD; P}Q,, PQ), CA, BD respectively. Then P,Q,, 
P,Q, the other common generétors of the pairs of quadrics Q}, Qs 
and Qg, 4, are the edges of a tetrahedron T, while P, Qs, P,Q,, 
the other common generators of the pairs of quadrics Q3, Q; and 
Qı, Q4 are edges of the other tetrahedron T,/. This follows from 
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§2 and the fact that T is self-conjugate for Q,, Qg and T} for 
Qg, 24." 

The other part follows from the Lemma if we take P,Q», P.Q, 
as the lines l, V and Q,, Qg as the quadrics therein. 


12. There exists a set of five tetrahedra such that every two of 
them are mutually desmic, their centres of perepectivity being the 
points common to the remaining three. Two pairs of edges of each 
tetrahedron of a triad of them are generators of a quadric for which 
the remaining two are self-conjugate. There ure ten such quadrics 
called fundamental,’ 


If T}, T be tetrahedra mutually desmic, there are then three 
families of the tetrahedra [§9] selfpolar to T} and desmic with T3. 
Hence to each family there belong two tetrahedra desmic with both 
Tı Tz [§10]; but there is a tetrahedron T, which has its vertices 
at the centres of perspectivity of T}, Ta and belongs to each of the 
three families. Hence there are three tetrahedra T.: (i=1, 2, 3) 
which are desmic with both T,, T different from T with which 
coincide the other three. Now applying the Lemma twice over, we 
have the first part. 


The other part is clear from §9(b). 
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ON MUTUALLY SELF-POLAR TETRAHEDRA 
By 


, ÀSGHAR HAMEED 
(Communicated by Rrof. C. V. H. Rao) 


Introduction: In this paper, an attempt has been made to 
generalize to space of three dimensions, the paper ‘‘On Mutually 
Self-Polar Triangles,” ! which had been developed to give the critic 
centres of a plane cubic curve. Here, we shall show that the idea 
of mutual self-polarity, as applied to tetrahedra, leads us to the 
double points of Kummer’s Quartic Surface ($28). 


If from an arbitrary point A,, the transversal of a pair of opposite 
edges of a tetrahedron T, is drawn, and on this line is taken the 
fourth harmonic of A, w. r. t. the two points, where the transversal 
meets the pair of opposite edges, then the three such fourth harmonics, 
corresponding to the three pairs of opposite “edges of T, constitute 
a plane called the polar plane of A; w. r. t. T.? A tetrahedron T} 
will be said to be self-polar w. r. t. T, if the polar plane w. r. t. T 
of any vertex of T}, is its opposite face. 


We prove that given any tetrahedron T, there are ‘three families, 
each of oo! tetrahedra, having A, as a vertex, such that the tetrahedra ` 
of these three families, are each self-polar (§1), in fact mutually 
(§4), to T. We then prove that the eight vertices of two m. s. p.* 
tetrahedra form an associated set, if and only if, the two are in 
fourfold perspective (§5). Then, we consider the emergence of some 
examples of the configuration denoted as (g4. 8,4) by German writers 
on the subject ($6). — 

This is followed by the result that if Tis m. s. p. to Tı, and self- 
conjugate w. r. t. a quadric Q, it is also m. s. p. to T,’, the reciprocal 
of T, w. r. t. Q ($7). This is the generalization of Article 4(a), 
of the paper referred to above, and can further be generalized to 
space of any number of dimensions. We then prove that if two 
m. s. p. tetrahedra are inverted w. r. t. a point and a plane, the 
resulting two tetrahedra are also m. 8. p. ($8). So also, when we 
` invert w. r. t. a pair of skew lines (§8). We prove that two m. s. p. 


* m. s.p. stands for “mutually self-polar."' 
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tetrahedra are reciprocal w. r. t. each of eight quadries (§9), froni 
which we deduce that two ietrahedra in fourfold perspective are 
reciprocal w. r. t. each of sixteen quadrics (§12). We then disenss 
the reciprocity of two tetrakedra of the same type, but belonging 
to different families (§18). 


From §16, we deduce that if T, T; and Tp belong to a desmic 
system, and P be a point on any egge of one of them, say T, and T,’ 
be the tetrahedron in fourfold perspective with T}, with P as one 
centre of perspective, a similar definition being given for Ty’, then 
T,’ and T,! also belong to a desmic system (§17). 


The rest of the paper constitutes a chain in itself, as under. 
Starting with two m. s. p. tetrahedra, we deduce from §18, the 
general tetrahedron which is m. s. p. to one, and in fourfold perspec- 
tive with the other (§19d). We then show that there are at the 
most five tetrahedra, every twc of which are in fourfold perspective 
(§20). After defining a double‘four of tetrahedra, these five tetra- 
hedra are said to form an associated set, and analogous to the case 
of five associated lines in space of four dimensions, we get an 
aggregate of fifteen tetrahedra (§22). We are led to Klein’s 60,5 
and Kummer’s 16, configurations? ($23), to which, thus, an in- 
dependent manner of approach is here established. 


A 12, configuration, not mentioned by Hudson, in his book, 
referred to above, also arises (§24). 

§1. Let ABCD be the tetrahedron of reference T, and an arbi- 
trary point A, be taken as the unit point (1, 1, 1,1). Let By, 
(@1, Y1» #1» tı) be a point in the polar plane of A, w. r. t T, such 
that A, lies in the polar plane cf B}. Since the polar plane of A, 


is 32=0, and that of B, is 32=0, we have Zæ; =0, and Xo =0, 
; l 1 


Taking ¢, =1, we get, 


zı +tYı +z; +1=0, and Lyly D prg, 
zi Yı 41 
whence £y +Y = — 1—8], ry, =f 
“leading to £i Y= l, —4, or —21, -1. 


Hence, B, is of the form _—-1, —v, v, 1) or (-—v, —1, v, 1). 
Taking the first form, it ıs easy to see that if we take a third point 
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Cı, such that the polar plane of any one of the three points A,, B; 
and C}, passes through the remaining two, then. C, must be the 
point (—1, v, —v, 1) or the point (1, -1, —1, 1). Taking C; to be 
(-1, v, —v, 1), the pole of A,B,C, is D; (1, -1, —1, 1), and it 
follows that D, lies in the polar planes of A,, B, and C,. Thus 
A,B,C,D, is self-polar to ABCD. It is clear that A,B,C,D, 
represents a family of oo! tetrahedra. There are three such families,* 
their vertices being given by s 


A( 1 111)(1 11 13(1 i 11 `” 

Bı(—-1-v v 1) (-v,-1 v, 1) (—v_ va—1 1) 

Cy(-1 v-v 1) ( v,-1-v, 1) ( ve-ve-1 .1) 

Dı( 1-1-1 1)(-1 1-1 1) (-1 -1 1 1. 
$2. The above result may also be obtained as follows :— 


The points which lie inthe polar plane of A}, and whose polar 
planes pass through A), must lie on the curve 3z=0, Zo =0, i.e., on 


the cubic curve i, 2 += 1 

z Y & sæ+ý+g 
and is referred to the triangle, whose vertices are the points, where 
S2=0, meets the lines DA, DB, DC. This cubic curve degenerates 
into three lines y+2=0, 2+2=0 and «+y=0, forming a AD,DoD3j. 
The general point on the line y+z2=0, 3#=0, is B, (—1, —», v, 1). 
Its polar plane passes through the opposite vertex D,(1, —1, —1, 1), 
and meets the line y+2=0, Sa=0, in the point C,(-1, v, —v, 1). 
It may be seen that ABCD; is self-polar to ABCD. Now, if 
A,B,LM is self-polar to ABCD, then the points L and M must lie 
not only on the cubic curve considered above, but also on the polar 
plane of B,. We have seen that C, and D, are the only possible 
positions of L and M. Hencerthe tetrahedron A,B,C,D; is fixed as 
soon as B, is fixed. Thus, corresponding to the three lines y+z=0, 
z +æ=0, and a+y=0 in the plane Sz=0, we get the three families 
of tetrahedra of §1. 


It is obvious that the tetrahedra of the three families have A, 
as a common vertex, while the oo! tetrahedra of a single family have 





, which lies in the plane Sv=0, 


* The contents of §1, are due to Prof. C. V. Hanumants Rao. 


160 A. HAMEED 


another common vertex. A pair K of opposite edges of a tetrahedron of 
one of the three families meets each of two opposite edges of ABCD, 
e.g., the edges ÀD; and B,C, both meet both the edges AD and BC. 
Also, K is fixed for each family, and pairs of vertices of the tetra- 
hedra of the corresponding family, lying on each of the two edges 
K, belong to an involution, whose united elements are the points 
where the edge meets the corresponding pair of opposite edges of 
ABCD. ` 


It may be remarked that the polar plane w. r. t. T ofa point, 
* which lies on a face (not an edge) of T, is the face itself, while that 
of a point, whith Hes’ on an edge of T, becomes ‘Indeterminate. 
Hence, to get proper self-polar tetrahedra, we shall assume that the 
point, which is going to be a vertex of a tetrahedron self-polar to T, 
does not lie on T itself. 


§3. We now give a purely geometrical method of arriving at the 
three ‘families. It may first be noted that the polar plane w. r. t. 
T of a point A;, does not only contain the points mentioned in the 
introduction, but alse the point which is the fourth harmonic of the 
point where the transversal from A, to a pair of opposite edges meets 
one of the edges, w. r. t. the two Vertices of T lying on that edge; 
and the remaining five such points. Now, let A,l,M, be the 
transversal from A, to the pair of opposite edges AD and BC, meeting 
them ‘respectively inL, and M,. Let D, be the fourth harmonic 
of A, w. rT. t Ly and M,, Loof L, w. r. t. A and D, and Mg of 
M, w. r. t. BandO. Now, if By is taken to be any point on LyMy, 
and C, is taken to be the fourth harmonic of B} w. r, t. Lo and Mo, 
then A,B,C,D, is self-polar w. r. t. ABCD. For, the polar plane 
of A; passes through D, and the line LgM, by what has been said 
above. Hence the polar plane of A, is B,C,D,. Similarly for B4, 
Cı and D,. This gives us one family corresponding to the pair of 
opposite edges AD and BC, Similarly, we get the remaining two 
families. 


We add that the figure consisting of the two tetrahedra ABCD 
and A,B,C,D, depends entirely on harmonic cross-ratios. 


$4. We shall now show that the phenomenon of self-polarity as 
between iwo tetrahedra is mutual. This follows at once from the 
remark at the end of the last article. We also give the following 


analytical proof: 
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The transformation > 
1 1 i 1 


1 v-v -i1 
(Engr) = (yet), 


I-v v-i 


1-1-1.1 


leads effectively to a similar transformation expressing æ, y, 2 and t 
in terms of €, 7, ¢, and 7, with v replaced by v, where*vy/=1. 
Whence, ABCD is self-polar to A,B,C,D,, dnd thùs self-polarity 
between ABCD and A,B,C,D, is mutual. 

Each vertex and the opposite face of either tetrahedron are pole 
and polar plane in regard to the other tetrahedron considered as a 
degenerate point-quartic surface, and also when considered as a 
degenerate class-quartic surface. => 

$5. We shall now show that the eight vertices of two m. s. p. 
tetrahedra do not form a set of eight associated poirtts, except in the 
particular vase, when the two tetrahedra are in fourfold perspective. 

Consider ABCD and A,B,C,D,. If the eight vertices of these 
two tetrahedra form an associated set, we must find that the 
expression, 


Alz +y tett)? + pule vytv +t)? + l(—2+vy—ve+t)? 


+A (£ —y— z + t)? 


is free of product terms for some suitable coefficients A, p, p! and N. 
Considering respectively the coefficients of xt, yt and zt, we have 


A—p—p'+A'=0, Avu + vp!—A'=0, and A+ vu—vp!—-N=O, 
then leading to A= = p= p. 


Making use of this result, and considering the coefûcients of yz, 
zx, and xy, we have 
1—v?2—v241=0, 1—v+v—1=0, and 1+v—v—1=0. 
Hence, we must have v= +1. 
Each of these values of v gives the same tetrahedron A,B,C,D,. 


Indicate by A/B/C’D! this particular tetrahedron of the family 
A,B,C,D,, so that the coordinates of its vertices, as also those of 


a 
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the vertices of another tetrahedron A”’B’C’D”’ to be discussed below, 
are given by, 


- MCD 1 1 1} A-1 1 11 
B(-1-1 1 1) BY 1-1 1 J) 
O(-1 1-1 1} CM 1 1-1 1 
D{ 1-1-1 1) D 1 1 1-2). 


Obviously, ABCD and A'B'C'D’ are in fourfold perspective, the 
four centres of “perspective being the vertices of AYB’C’D!, This 
proves the result stated at the beginning of this article. It may be 
noted that the vertices of ABCD and A‘B’C’D! form the corners 
of a box. 


The tetrahedron A’B/C’/D! mentioned above, can also be obtained 
in various other ways, as we now indicate; 


(a) Itis the only tetrahedion which is common to all the three 
families obtained in §1. In fact, it is the only tetrahedron to be 
common. to any two of the tkree families. 


(b) Itis the tetrahedron whose three vertices, lying in the polar 
plane of the fourth vertex say A’, consist of the three double points 
of the corresponding degenerate cubic curve obtained in §2. This 
statement is but another form of (a). ’ 

(c) Itis the only tetrahedron-from amongst the three families, 
which is in perspective with ABCD. This result may also be stated 
in the form that if two tetrahedra are m. s: p. and in perspective, 
they are necessarily in fourfold perspective. 

(d) If two m.s. p. tetrahedra are self-conjugate w. r. t. the same 
quadric, they are necessarily in fourfold perspective. 

For, any quadrie w. r. t. which ABCD is self-conjugate, must be 
of the form Saxz?=0. If A,B,C,D, is also self-conjugate w. r. t. 
Sax? =0, then the polar plane of A, (1, 1, 1, 1), which is Sar=0, 
must be identical with B,C,D, which is 3¢=0, giving a=b=c=d. 
Thus the quadric must take the form æ?=0. Then, if the polar 
plane of B,(~—1, —v, v, 1) wr. t 3a2?2=0, which is -r—vy+ 


ve+t=0, is identical with C,D,A, which is -2-L+—+t=0, we 


must have v= +1, showing that A,B,C,D; is identical with A’B/C/D’ 
which is self-conjugate w, 7. t. 3x2=0, 
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§6. Three (94.84) configurations can be obtained from ABCD 
and A/B/C’D’, each corresponding to two pairs of opposite edges of 
ABCD (and A’B'C’D'); e.g., both AB and CD are met by each of 
A'B’ and C’D', giving four points of intersection, and both AC and 
BD are met by each of A’C’-and B/D’, giving four other points of 
intersection. The coordinates of these eight points of intersection are: 


(1100%), 1-2 O44 0) 
C0019, 6 0 1 04), 
0 


(-1 1 0 0, (-1 1 0), 


( 0 0 1-1), { 0 1 0-1). 


These eight points, and the eight points A, B, C, D, A’, B’, © 
and D’ constitute the sixteen points of @ (94.84) configuration. 
Also, the four of the eight points of intersection, which lie on AB and 
CD, form a tetrahedron which is in fourfold perspective with and 
hence m. s. p. to the tetrahedron forméd by the four similar points 
on A/C’ and B’D!, The cross-ratio of the four points on each of the 
eight lines of the (g4.84) configuration is harmonic. i 


$7. We shall now prove that pole and polar plane w. r.t, a 
tetrahedron, reciprocate w. r. t. a quadric Q into polar plane and pole 
respectively, w. r. t, the reciprocal tetrahedron. Let the unique 
secant from a point P, to a pair of opposite edges AD and BC of 
the tetrahedron ABCD meet them in L; and L,’ respectively, Let 
P, be the harmonic conjugate of Pw.r. t. Ly and L,’. The three 
points of the type P, determine the polar plane of P w. r. t. ABCD. 
Let us reciprocate w. r. t. Q, denoting the reciprocal of A by a, ete. 
The transversal PL, L,’ reciprocates into the joining line of the points 
pad and pbc. This line taken together with the line ad constitutes 
the plane lı, and taken together with the line bc, constitutes the 
plane l/,. Also, pı is the fourth harmonic of p w.r.t. 1, and h^ 
The three planes of the type pı meet in a point which is'the pole of p 
w.7.t. the tetrahedron abed. This point, however, is the pole 
w, T. t. Q of the plane determined by the three points of the type P}. 
This establishes the result stated at the beginning of this article. 

It follows that if two tetrahedra, which are m., 8. p., be reciprocated 
w.r,t. a quadric, the resulting two tetrahedra are also m. s. p. As 
a particular case, we get the result enunciated in the introduction 
that, if a tetrahedron T is m.s.p. to another tetrahedron T, and 

3—1374P—4 


164 A. HAMEED 


self-conjugate w.r.t. a quadric Q, then it is also m. s.p. to Ty’, 
the reciprocal of Tı w. r.t. Q. It may be added that T, and Ty’ 
will be of the same type in regard to T, i.e., that the same pair of 
opposite edges of T will mest a pair of e edges of each of 
T, and Ty’. 

Analytically, the general quadrie~ w.t.t. which ABCD is self- P 
conjugate, is 3az?=0. The pdlar plane of A, and pole of B,C,D, ~ 


w, r, t, this quadriec are respectively ee ` and > L, 3) 
which are obviously polar plane and pole w: 7. t. ABCD. Similarly, 
we may consider B4, C} and D,. Thus the reciprocal of A,B,C,D, 
w. 7, t, Zaz? =0, is m. s. p. to ABCD, which was to be proved. 


On similar lines, the result may be generalized to space of any 
number of dimensions. 


§8. Let P be an arbitrary point and II an arbitrary plane. Let 
L be a point of general position, and suppose PL meets IT in M. 
Let L’ be taken on PL, such that (PLML/)=h, a constant. Then 
L’ is said to be the inverse of L w. r. t. P and II. It is easy to see 
that in such an inversion, pcints invert into points, lines into Imes, 
and cross-ratios into equal cross-ratios. Thus, from the remark at 
the end of §8, it follows that, if two m.s.p. tetrahedra are inverted 
w.t.t.a point and a plane, the resulting two tetrahedra are also 
m, 8. p. 

Now, let Z and 1’ be two arbitrary jines, Let' their unique trans- 
versal from a point L of general position meet them respectively 
in M and M’. On this transversal, take L’, such that (MLM’'L')=k, 
a constant. Then L’ is called the inverse of L w. r. L. landt. As 
before, we may observe that, if two m. s3, p. tetrahedra are inverted 
w.7.t. a pair of skew lines, the resulting two tetrahedra are also 
m.s. p.* This may also be deduced from the last case, for an 
inversion w. 7. t. two skew lines AB and CD is equivalent to an 
` inversion w.r.t. A and BCD, followed by an inversion w. r. t. B 
and CDA, the constant of inversion being the same in all the three 
inversions. i 

When k, the constant of Inversion is equal to —1, these inversions 
are called harmonic, 


* This result ic due to Mr, Sahib Ram Mandan. 
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§9. Two m.s.p. tetrahedra, e.g., ABCD and A,B,C,D,, are 
reciprocal w. r, t, four pairs of quadrics, the two quadrice of each pair 
having four generators in common,* their equations in the present 
case being given by 


(i) o{(e+t)? +2(2—t)(y +2)} + (y—a)2=0. 

(it) —of{(o+ H2 4 2(e— ‘y+ 4)} + (y—2)2=0. 
(iii) {(y +2)? +2(y—2)(n+t)}+v(e—t)2=0, 
(iv) {(y +4)? +2(y —2)(æ + t)}— vle- t)? =0. 


It may be seen that in these reciprocities, when A is made to 
correspond to A,, D must necessarily correspond to D,; B may 
correspond to B, or C}, thus giving two solutions. Similarly, when 
A is made to correspond to B,, D must necessarily correspond to C,; 
B may correspond to D} or A,. And so on, we get the eight 
quadrics. 


The second pair of quadrics may be-written as 


(/va+y—2+ Vvt)(\/va—ytat Vvt)= +2u(2—t)(y +2), 


and the four common generators are those, where the two planes 
of the left-hand side meet the two planes of the right-hand side; 
so also for every other pair of quadrics. 

Let the reciprocal of a tetrahedron PQRS w. 7. t. a quadric & be 
PQ’R’S’, P’ corresponding to P, etc. Inverting harmonically w. r. t. 
a pair of skew generators of 3,.suppose PQRS and P/Q’R’S! are 
inverted respectively into P,;Q,R,8, and P,’Q,’R,’S,’. Since = 
inverts into itself, P,Q, R5, and P,’/Q,’R,’S;’ are also reciprocal 
w.7.t. 3. Since inversion is harmonic, P; must lie in the polar 
plane of P, ie., in Q/R/S’, and similarly for Q1, R; and S}. Also 
P must lie ih the polar plane of Py’, which is Q,R,8,. Hence 
P,Q,R,8,; and P/Q/R/S’ are mutually inscribed; similarly also 
Py’Q;/R,'6,! and PORS. 

Thus, if ABCD and A,B,C,D; invert harmonically w. r. t. a pair 
of skew generators of any one of the above-mentioned eight quadrics, 
into AoBoCoPo and AzoBioC1oD10 respectively, then AoBoCoDo 
and A10B10C10D10 are m.s. p. (§8); and ABCD and A10B10C10D10, 
as also A,B,0,D, and AgBoCoDo are mutually inscribed. i 


* The contents of this article are due to Mr. Sahib Ram Mandan. 
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§10. It may be observec that each of the eight quadrics, men- 
tioned in §9, has ring contact with two others, e.g., 


a 
my ay 


vf{(at t)? + 2(a—t)(y+2)} + (y—2)?=0 ann 

has ring contact with each quadric of the second pair, the planes of 
the rings of contact being zespectivély y—z=0, andw+t=0. Thus, 
we get eight rings of coniact. They lie by twos in four planes, 
namely «+f=0, yiz=0. These four planes constitute the tetra- 
hedron whose two pairs of opposite edges are AD, BC, and AD), 
B,C,, ie., the pairs of opposite edges, One from each of ABCD, 
and A,B,C,D,, which meet. The two rings, lying in any one of 
these four planes, have double contact, e.g., those in the plane 
y—-z=0 are the two conics (x+ t)? +2(x—t)(y+z)=0, and these 
touch one another at (0, 1, 1, ©) and (1, 0, 0, —1). Also,‘if we 
“take two coplanar rings and the four quadrics which in pairs have 
ring contact along them, ther the plane of the rings has the same 
pole w. 7. t. each of these Zour quadrics, e.g., (0,1, —1, 0) is the 
pole of y—z=0, w.e. t. each of the quadries of pairs (i) and (ii), 
It may be seen that these poles and polar planes are the vertices 
and opposite faces of the tetrahedron formed by the four planes in 
which the eight rings of contect lie. ` 


. 


$11. Let us apply harmonic inversion w. r. t, two skew generators 
common to any one of the four pairs of quadrics, mentioned in §9, 
and suppose ABCD and A,B,C Dj invert respectively into AgBoCoDo 
and A yByoO;oDy9. Then AoBoCoDo and AyoB!9Cy 9Dj9 are 
m, 8. p. (§8), ABCD and AioBioCioDio, as also A,B,C,D; and 
AoBoCoDo are mutually inscribed (§9), and, as we shall now prove, 
ABCD is in fourfold perspective with AoBoCoDo, as also A,B,C,D; 
with AyoBy9C 19D jo. 2 = 

Consider the second pair cf quadrics of §9. Two skew generators 
from amongst the four, common to the two quadrics of that pair, are 


Voretry—2z+7vt=0, z—-t=0. 
Vva—ytat V vt=0, y+z=0. 


In each column of the following scheme, the first two items are 
the points where the above two generators meet their common trans- 
versal from tbe third item, whose inverse w. r. t. the pair of genera- 
tors is the fourth item : x 
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(l, =v, y, I1, -8y 0, — 2, 1) (l, yv, 32, 1) (a= yv, + vv, +1) 
(—8,— yv, y v, 1) (l, yv, — 40, 1) (1, ¥ 0, — 40, 1) (-1,/v,-2, 3) 
A(1,0,0,0) BQ, 1,0,0) C@,0,1,0)  D(0, 0,0, 1) 


Ao(—1, =y, vv,1)Bo(l,— yv, = V»,1)CQ(1, Vv, NV 1)Do 
n {-1,v v, — 40,1). 
The form of the coordinates of the vertices of AgBoCoDo at once 
suggests: that this tetrahedron is in fourfold perspective with ABCD. 
Similarly, we may consider ABCD; and AjgBy9CipDio. BY. 
symmetry, the result stated at the beginning of this article is seen 
to be true. 


§12. We now come to the particular case when v= +1, ie., 
whén A,B,C,D, becomes A/B/C/D’! of §5. Since A/B/C/D! belongs 
to all the three families, it follows from §9 that we shall get three 
sets, each of four pairs of quadrics, w. r. t. each of which, ABCD and 
A'BIC'D! will be reciprocal. It ‘will be seen that four quadrics are 
common to each of these three sets. Thus, there are in all sixteen 
quadrics, w. r. t. each of which, two tetrahedra in Jourfold perspective 
are reciprocal. i 


Further, it follows from §11 that when v=1, then the vertices 
of ABCD invert into the vertices of A/B/C’D! in some order w. r. t. 
pairs of common skew generators of the pairs of quadrics (ii) and 
(iv) of §9, but not (i) and (iii) which four quadrics will be common 
to the three sets mentioned at the beginning of this article [and 
when v= —1, then w. r. t. the pairs of common skew generators of 
the pairs of quadrics (i) and (iii), but not (ti) and (iv), ete.]. The two 
pairs of quadrics (ii) and (iv) give four such pairs of skew generators. 
Hence, corresponding to all the three families, we can find altogether 
twelve pairs of skew lines, w.r.t. each of which, the vertices of 
ABCD invert harmonically into the vertices of A'B'C’'D!, in some order, 


§18. Consider the two tetrahedra A,B,C,D, and A,ByC,D, 
given by 


Ay (1, 1, 1, 1) Ag (f, 9, h, 1) 

B; (1, —v, v, 1) Ba (—j, —U19, vih, 1) 

Cı (-1, v, —v, 1} Cg (—f; 29, —v;h, 1) 
' D, G, +1, -1,1) | Da (f, —g, —h, 1). 


x~ 


These are the general tetrahedra of two different families which are 
of the“ same type in regard to ABCD, We shall show that they are 
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reciprocal w.t.t. a quadric in regard to which ABCD is self-conjugate, 
if and only if, at least one of the four conditions - 
v= 4, Vy 
vy 
holds; and for each condition satisfied, the number of quadrics is two. 
From this, we shall deduce that the two tetrahedra will be reciprocal 
w.r.t. each of four such quadrics, if and only if, either v and v are 
both numerically equal to unity, or both numerically equal to 


i (= —1). 


Now, the general quadric w.r.t. which ABCD is self-conjugate, 
may be put down as Jax?=0, If A, is to be the pole of BaCaDo, 
the quadric must assume the form 


z2? y2 g2 
++ 5+ t2 0, 
f g h 
and w.r.t. it D; is the pole of ABC. Now, B, may either be the 
pole of CoDgAg or of DgAgBg. In the former case, the planes | 


x vy vz y 
- +7 4%=0 and - Z- 2 + +t=0 
f g h f vig vyh 


must coincide, i.e., ves, and then it is easy to see that C, is the 
1 


pole of DgABy; thus when vad, the ordered tetrahedra A,B ,C,D, 
1 : 


and AgBygCoDz are reciprocal w.r.t, the quadric 


2 2 
oF su? , 271 20, 


f g Ah 
and, as may be verified, AyB,C,;D, and DaC:B34Ag are reciprocal 
w.r.t, the quadric 


In the latter case, when B, is the pole of DgA,Bzu, the planes 


g vy 
mP mY t0 
f g hR 


and =r Y —~_* +t=0 
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must coincide, i.e., v= -4, and then A,B,C,D, and AgCoBoDs are 
1 $ 


reciprocal w.r.t, the quadrie 


2 


2 B45 8 
ey t0, 
g h 


f 
and A,B,C,D; and DpBCoAy are reciprocal w.r.t. 


g YL yo E 
j = gtt 0. a 


Similarly, it may “be seen that when A, is made to correspond to 
By or Co, then we must have v=+v,, Whenv=v,, then A,B, 
C,D, and BaA3D2C3 are reciprocal w.r.t. 


F wg vh. 
and A,B,C,D, and C3D2A9Bo are reciprocal w.r.t. 


2 y2 42 
Z-t ° 


T f tog vh 
When v= —v,, then A,B,C 1D; and CgAoD.Bg are reciprocal w r.t. 


The two tetrahedra A,B,C,D, and Aa B2CD3 will be reciprocal 


w.r.t, all of these four quadrics, if +o=0 =, or 40=0,= ak, 

S vy . vy 
In the former case, both v and v are numerically equal to unity, and 
each of A,B,C,D, and AaB2CoDo is in fourfold perspective with 
ABCD. In the latter case, both v and v, are numerically equal to i. 
Since, each of these quadrics is fixed as soon as A, is made the pole 
of a face of AgBgCoDg, it follows that four is the maximum number 
of such quadrics, 


$14. Considering the case, when v and v; are each numerically 
equal to unity, let us find the conditions that the eight vertices of 
A,B,C,D; and A,gByC2Dz should form an associated set. We shall 
take v=v,=1, since if does not affect the generality of the problem 


i 
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before us. Let us transform the tetrahedron of reference to 
A,B,C,D,, the substitutions to be made being 
etytett=£, —x-ytett=n, 
w-y-ett=r, -aty—-erial, 
Let us further write, - 
l k=f+g+h+l, ky=f-g-h+1, 
ka= —f+tg-h+1, kg=—f—gt+h+1. 
Then the coordinates of the verticas of A,BoCygDo, referred to 
A,B,C,D, are given by i 
Ag(k, kg, ke, ki) 
Bo(kg, k, ky, ko) 
Ca(ka, ky, F, ka) 
Dalkis ko, kg, K). 
Thus the eight .points will form an associated set, if and only if, 
the product terms clear out from the expression, 
Ay (hE + kgn t kogt kyr)? +Ag(kgE+ ky + hy 6+ kor)? 
tAglkoEthyn thet har)? +Ag(ky E+ hon t+ katt kr)?. 


Hence, we must have 

(Ay +Aa)kaka+ (Ag tAa)kki=0, (Ay HAg)hHy + (Ag tAggkg=0,... (i) 
(dy tAgleghy + Ag tAg kg =O, (Ay +Aa)kko + (Ag tAa)kgky =O, ... Gi) 
(Ay +Ag)ke phy + (Ag +Aa)khkeg=0, (Ay +Ao)kkg + (Ag +Ag)kyka=0. ... (iii) 


In the general case, when no particular relation exists between the 
various k’s, it is clear from equations (i), that A;+A,=AgtAg=0; 
similarly also from (ii) and (iii). This gives Ay=Ag=Ag=A,=0. 
Hence, there is no non-zero solution for the A’s in the general case, 
The particular relations between the various k’s, at least one of which 
must be satisfied, are six in all, namely the three pairs of the type 
kokg tkk, =0. It can be seen that whenever any one of the three 
relations of the form kyk,;—kk,=Ois satisfied, a non-zero solution 
for the A’s is obtained, e.g., in this very case, we have àq = —Ay=—Az 
=),. And that, whenever none of these three relations is satisfied, 
the only other possibility of a non-zero solution for the A’s lies in the 
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remaining three of the six possible relations, namely the three of the 
type kakg+kk,=0, holding simultaneously. 

The three relations of the type kgk,—kk,=0 simplify into f=gh, 
g=hf, and h=fg, and the three relations of the type kgk,+kk,=0, 
which are to hold simultaneously, simplify into 1+/%=g?+h?, 
l+g?=h?4f2, and 1+h%=f?+g?. These three simultaneous 
relations give f?=g?=h?=1, which give only one position of Ag Bg 
C.D, other than A,B,C,Dy,, and then ABCD, A,;B,C,D, and ABe 
CoD belong to a desmic system, Hence, the vertices of A,B,C,D, 
and ABCD (v=v,=1) will form a set of eight associated points, 
if any one of the three relations f=gh, g=hf, h=fg is satisfied, or if 
the iwo tetrahedra belong to a desmic system of which ABCD is the 
third. i 


$16. We may similarly consider the second case of §18, when 
each of v and v, is numerically equal to i, and determine the condi- 
tion that the eight vertices of ABCD, and AgByCaD, should form 
an associated set. We take v=v,=i, and transform the tetrahedron 
of reference to A,B,C,D, by the substitutions, ° a 


e+ytett=, —atiy—ie+t=y 
e—-y-att=r, -xiy +is+t=t. 
Let us further write 
k=f+g+h+1, ky=f-g-h+l1, : v 
kg=—ftig-—ih+1, hkg=—f-igt+ih+1. 


Then the coordinates of the vertices of Ap.B,C_Dg, referred to 
A,B,C,Dy,, are given by 
Ad(k, ko, ks, kı) 


Balkg, k, ky, ko) 
Co(ka, ky, k, k3) 
Do(ky, kz, ko, k ). 


Thus the eight points will form an associated set, if and only if, 
the product terms clear out from the expression, 


AE + hon + hgh + kyr)? +Ag(kgE + ky + kii + kor)? 


+ Aglko€ thy tki kgr)? +Aalkié+ kant kgt+kr)?, 
4—1374P—4 . i 
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Hence, we must have 
(A, +dglkgks + (Ag tAg)kk,=0, (A; +A4)hky + (Ag tAg)koks=0... (a) 


Arkka +Agkgky +Aghkke +Aghkyky=0 w. (ü) 
Akko +Agkks +rAgkyhotAgkgk, =0 wee (ii) 
Apkykg t Agkko +Askgk; +rAgkky=0 ws (iv) 
Arkki taAgk ho tAghkhg+Aghko=0. we w) 


The equations (i) will be satisfied, if either A, +A,=Ay+A,=0, 
or any one of the two conditions kyk3+kk,=0 holds. Taking 
Ay tAg=Ag+Ag=0, we see that (ii) and (iv) are each equivalent to 

Ay (khg —kyky) +Aglkgk, —kke)=0, 
and (iii) and(v) are each equivalent to 
Ay(kkg —kgk \)+Ag(kks —kyko)=0. 


Hence, for a non-zero solution of the A’s, we must have 


Now, 8 


kykg—hhg=2(1—ihf+2(1+ifg + 2(i-1)g-2Qli+1)h, 
and koky —khg = 21 + hf +2(1—i)fg —2+ 1)g + 2(i-1)h. 


Hence, the above two conditions amount to fg=h, and hf=g. 
When any of these two conditions holds, the eight vertices form an 
associated set, 

Now, take kokg~kk,=0. Then, from equations (i), we have 
2A,=0, by virtue of which (ii), (iit), (iv) and (v) add up to zero, 
Thus, we have to seek for a non-zero solution of the A’s from 2A =0, 
and any three of (ii),...... (v), say (i), (iii), (iv). Hence, eliminating 
A's from 3A,=0, (i), (ii) and (iv), we see that another possibility 
of the eight vertices forming an associated set consists in the holding 
simultaneously of the equations, 


kgkg-—kk,=0, and | 1 1 1 1 =0. 
k ky kgky kko kiko 
k ka kk} kiko kak, 


kiko kka kgk) kk 
Similarly, taking the remaining possibility kok; +kk;=0, we may 
see that the, only other possibility of the eight vertices forming an 


i 

i 
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i 
associated set consists in the holding simultaneously of kokz +kkı=0, 
and the above determinantal equation, when the second and third 


elements of the first row kave been changed in sign. i 


§16. In this article, we shall prove that, if P be any point on 
any of the two lines z=t, yt2=0, and «+t=0, y=2, then the 
tetrahedron, whose vertices lie on the four lines PA,, PB,, PC, and 
PD, respectively, and which is m, s. p. to A,B,C,D,, is m.s. p. 
to the tetrahedron whose vertices lie respectively on PA, PB, PC and 
PD, and which is m. s. p. to ABCD. 


From §6(c), 16 is clear that the tetrahedron, say A,/B,/C,/Dy’, 
whose vertices lie respectively on the four lnes PA,,...... , PD, and 
which is m. s., p, to A,B,C,D,, is the one which is in fourfold 
perspective with A,B,C,D, with P as one centre of perspective. 
Hence, taking P to be the general point on e=t, y+2=0, namely 
(1, g, —g, 1), the vertices of this tetrahedron, as also those of 
A'B‘C'D! whose vertices lie respectively on PA, ...... , PD, and which 
is m. 8, p. to ABCD, can be put down as: 


A’,(0,1-g;1+g,0)  A(—1, 9, -g, 1) 
Bi,(v—-g, 0, 0 0+9) Bl, ~g, -g, 1) 
Ci(v+g,0,0,v—-g) Cl, g, 9,1) 
D’ (0, 1+g, 1~g, 0) D-1, —g, 9, 1) 


We have now to show that A;/B,’C,'D,’ and A'B'C'D' are m. 8. p. 
For this, let us transform the tetrahedron of reference to A’B/C’/D’, 
by means of the following relations : 


—xetrgy—gatt=€, z—g'y—gatt=n, 
~a-gyt+ge+t=7, atgly+ga+t=t, 
1 
where =p i 
Then the coordinates of the vertices of A,’B,/C,'D,’ become 
Ay(-1, -g', g', 1), 
By( 1, vg’, vg’, 1), 
Qy’( 1, -vg’, = 1), 
DY-1, g,- gs 1) è 
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showing that A/B/C/D; and A’B/C'D! are m. s. p., which was to 
be proved. Similarly, we may take P to be the general point on the 
line e+t=0, y=2. 


We may add that the lines =t, y+z=0, and z+t=0, y=z, 
are a pair of opposite edges common to the tetrahedron which is in 
fourfold perspective with ABCD with A, (or D,) as a centre of 
perspective, and the tetrahedron which 1s in fourfold perspective with 
ABCD, with B, (or C,) as acentre of perspective. Similarly, the 
two lines are also a pair of common edges of the two tetrahedra which 
are in fourfold perspective with A,B,C,D,, with ESPERTI y A 
(or D) and B (or C) as centres of perspective. 


$17.7 Coming to the particular case when A,B,C,D, belongs 
to all the three families of §1, i.e, when v=+1, we see that 
A,/B,'C,’D,/ 18 not only m. s.p. to ABCD! but also in fourfold 
perspective with it. Also, in this case, we shall have three pairs 
of lines, of the type x=t, y+2=0, and 2+t=0, y=2, constituting 
the six edges of the tetrahedron formed by the four centres of 
perspective of ABCD and A,B,C,D, (w= +1). Hence, we have the 
following : 


If ABCD and A'B'O'D' belong to a desmic system, and a pomt 
P is taken anywhere on the edges of the third tetrahedron of the 
desmic system, then the tetrahedron, whose vertices le respectively 
on the lines PA, ...... , PD and which is in fourfold perspective with 
ABCD, is in fourfold perspective with the tetrahedron whose vertices 
lie respectively on PA’, ...... , PD’, and which is in fourfold perspective 
with AIBIO'D!, 


§18. Consider the tetrahedra ABCD and A,B,C,D,, and a 
general point P (£1, Y1, #1, t1) Let A,/B,/C,/Dj! be the tetrahedron 
which is in fourfold perspective with A B1C1D;,-with P as one 
centre of perspective. Then, we shall prove in this article that, if 
A BCD’ is m.s. p. to ABCD, the locus of P consists of the 
pair of opposite edges of ABCD, which is met by a pair of opposite 
edges of A,B,C,Dj. 


By the help of transformations of §4, or otherwise, it can be 
proved that the vertices of A,’B,/C,'D,’ are-given by, 


Ay {-2, +y +81 tty (Sky), 1y ts +t = (ko), 


sy tyi- +t, (Shg), ey +Y, +21 — 6) (Sk4)} 
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By{z -H+ +t (=) Uy +Y; +21 Hot (Elo) 


vz, +Y; +21 — vt (=la), 23 +44 +t,(=1,)} 


C,/{l,, ls, lo, Ly} 
D,'{kakg, Ko ky}. 


Making A,’ the unit point, the coordinates of the vertices of 
A,’B,'C,'D,! are given by the rows.of the determinant R. 


1 1 1 1 
li/kı lofko  Uglkg lylką 
lalki lafka lolks lyfk4 
kalkı kgļko kolk; kilk, 

Since A 'B,’C,’D,’ has further to be m.s.p. to ABCD, it must 
belong to, at least, one of the three families of §1. Let us first 
consider the first family. We shall have to consider three cases, 
namely, when the vertices B,’, Cı! and D,’, have, in turn, their 
coordinates (1,—1,-—1, 1); say D’, is the point (1,-1,—1, I). Then, 
comparing the rows of R with those of 

ie ee a | 
-1 ~v v i 
-1 v —v i 
1 -1 -1 1 


we bave the following relations: 


Ly [Ry tly/kg=0 - we (i) 
ly [keg +13 /k3=0 va we GÒ 
laiki +lı/ką=0 ae (iii) 
1g /ko +lg/kg=0 ; e.. (iv) 
> Ng ty bad ba 
ajh ia is ar (e 
and ka [ky=—kg/kg=—hofkgekyik,. s (vi) 


We observe that none of the eight quantities k,,..., l4,..., ean be zero 
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or oo, for then some vertices of A,/B,/C,'D,/ will lie on some faces of 
ABCD (see the remark at the end of §2). Hence, on addition, 


(i) and (if) give 1, +1,=0, or kı +k,=0. 
Similarly (i) and (iv) give lg +1,=0, or kg+k,=0. 
Starting with 1,+1,=0, we get from (i), k;=h4, and from (v), , 
ky+k,=0, whence from (ii) lọ=l}. Thus, we have the set of 
-relations i 

lı +l4=0, lg=lg, ky =k, and ko+k3=0, 
which amount to 

zı +t =0, 2, =t,, z=% and gı +t =0, 
Hence, we get x; =t; =0, which satisfy (i), ... (vi). Similarly, starting 
with the other possibility k, +A4=0, we shall ultimately get y;=2,=0, 
satisfying (i), ... (vi). Thus, part of the locus of P consists of the pair 


of lines, 
e=t=0, y=z=0, a. (D) 
Now, let B,’ become the point (1,—1,—1, 1). Then we shall get 
the relations : è 7 
laiki +n /k, =0 se 0 
“ Is/katle/ks, =0 ren CL) 
ka [key +key /k4=0 we (iii) 
k/ko + ko/k;=0 oes (iv) 
1s [la ka [kg l 
kalti ksl Tr aoe 
Ly [ky=—lTg/kg=—Ig/kg=ly/hy. see (v8) 


From (iii), by= +ik,, and from (iv), ko= tik. 
Let us take ky=ik,, and kg=ik3, Then from (i), lı =il4, and from 
(ii) lg=ilg. These four relations are respectively equivalent to 


(i+ Lay +(i—1)y; + (i—1)ey - (i+ 1) =0, 
(i-—1a, ++- (+1) (i-th, =0, 
(+ Ljve, + @—Ly, + @—-1)2, (i+ 1)vt, =0. 


Of these, the first and the fourth are equivalent to 2,=¢,, y;+2,=0, 
and the second and third to æ; +t, =0, y] =2,, except in the particular 
case when v=1. Thus, in general, the relations are inconsistent, 
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and do not yield any position for P. Similarly, we may discuss the 
combination k,=—ik,, and kg=—iks, by changing the sign of i 
throughout in the last analysis.) There ramain two other combinations, 
namely, ky=ik,, kg=—ikg, ‘and k= —ik4, ko=iks. As before, 
each of these two combinations will yield four simultaneous 
relations, which will be inconsistent unless v=—1. This disposes 
of the case when B’, is the point (1, —1,-1, 1), and the case when C', 
is (1,-1,—1, 1) is similar to the last, being obtained from it, as is” 
obvious from R, by a simultaneous interchange of l; and l4, and la 
and lą. Thus we see that, if A’ B/CD’, belong to the first family 
of §1, then the locus of P consists of the lines (L). 

Now, let us consider the second family of §1, taking D’, to be 
the point (—1, 1, —1, 1). As before, we get the relations: : 


ly [kg tly/ky=0 .. (i) 
1, /k, +1g/k,=0 wee (ii) 
Ig J/kg tl, /k4=0 we (iii) 
Ly /ky +lo/kg=0 ° ase (iv) 
plots jh 

—ha [hy =hg/kg= —hg/kg=hy /k4. ++ (vi) 


From (vi), we have k, = +ik,, and ka= ikg. 


Let k,=ik,, then from (i) and (iv), we must have k,=ik,. Now, 


(v) may be written as Rae lal4= —13, from (iv), Thus l= +il,. 


Taking 1, =il,, and noting that from (i) and (ii), gemie, we get 
. ; 2 ty 


lą=ilọ. We now have four simultaneous relations, k,=ik,, 

kg=tky, ly =il4, andl,=il2, which, as before, do not yield any solu- 

tion for P unless v= —1. Similarly, we may discuss the combinations 
kisik, ly = il; hy = ikg ly =ilg; and ky = —ik,y, l= il, 

It will be seen that they do not yield any positions for P, unless v is 

numerically equal to unity. 


Let us now take B,’ to be (—1, 1,—1, 1). As before, we get 
lalki +lg/k3=0 ane (ù) 
la/ko+li/k4=0 eee (ii) 
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ha [ky +hg/kg=0 „.. (i) 
kg /kg+k,/k,=0 wee (2) 
u fah fi if 
ky ka ka ka 

=l [hy =la] t35 —lg/kg=ly/ hy. wee (vi) 


From (iii), we get kikot kgk4=0, and from (vi), lgkg +1gk,=0. 
These two equations, wher written in full, give, respectively, 
gyi +4,t,=0, and (1+0) ziz; +y 6) + (l—v)(@yy, +2 4t,)=0. 
Thus we get #y)+2,t;=0, and 2,2,+4,t,=0, in the general 


case, These two quadratic equations (representing two quadrics) 
give us the following (four common generators) : 

Y=, +t, =0; 2 —t,, 21 +2,=0; yy =2,=0; and a, =t,=0. 
Of these, yjy=2,, xı +tı=0. make 1)=hkg=hk,=1,=0, and hence 
connot give a solution for P. So also for x; =t], y,+4,=0. Taking 
y,=%,=0, we see that (iii) (iv) and (v) and two of the relations (vi) 
are satisfied. The third of the relations (vt) gives 

= ith, Hmm teh ia (xy +t,)2 +(e, —t,)2=0, 
-gı tt vı +t 

which is also given by (i) and (ii). Thus, we get two positions for P, 
namely (/v+i, 0, 0, yu—i), and (/v—i, 0,0, fv+i). But it can 
be verified that for each of these two positions of P, Ay’B,/C,’'D,’ 
belongs to families of all the three types, i.e., itis in fourfold perspec- 
tive with ABCD. Similar results are obtained by taking xı =t; =0. 
‘Thus the case, when B,' is (—1, 1,—1, 1) is exhausted; the case when 
Cı’ is (—1, 1,—1, 1) is similar to the last, and can be obtained from 
it, by a simultaneous interchange of l, and l4, and I, andl}. It 
follows now that, when A,'B,C,'D,! belongs to the second family of 
§1, the corresponding positions of P lie on the lines (L), and then, 
A'B C Dy is in fourfold perspective with ABCD. Similarly also, 
when A,’B,/C,’D,! belongs to the’ third family of §1. Combining 
all these cases, corresponding to the three families of §1, we get the 
result stated-at the beginning cf tbis article. 


§19. In continuation of the theorem of the last article, we may 
add the following :— 

(a) It is easy to see that, ia all values of v, the lines A,’D,/ and 
B,‘C,’ remain fixed asa pair, their respective equations being a=6, 
y+z=0, and z+t=0, y=z, when P lies on s=t=0, and c+t=0, 
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y=2, and xt, y+z=0, when P lies on y=2=0. These two lines 
may be interpreted as in §16. ` 


(b) No positions for P were obtained when A,/B,/0,’D,’ was 
considered to belong to the second (and similarly, the third) family, 
except when it belonged to all the three families. Hence, it follows 
that two tetrahedra, each of which is m.s.p, to a third tetrahedron, 
cannot be in fourfold perspective, nless, as a first condition, one of 
them belongs to, at least, the same type w.r,t. the third, to which the 
other belongs. 


(c) Coming to the particular case when v=+1, i.e., when A,B, 
C,D, is in fourfold perspective with-ABCD, the locus of P consists 
of all the six edges of ABCD. 

‘(d) It may be observed that as soon as one position for P is fixed, 
three others are thereby determined, being the remaining three centres 
of perspective of A,B,C,D, and A,’B,/C;’D,'. Thus the P’s occur 
in fours; let us call one such;set as P}, Py, P3, Py. Since Py Po PsP, 
belongs to the desmic system determined by A,B,C,D, and A,’B,! 
C,'D,’, it follows that no three or four of Pj,..., P4 can lie on a line. 
Hence two of them lie on e=t=0, and the other two on y=2=0, 
Thus, g being a parameter, the general tetrahedron P,PoP3P4, and 
the corresponding terahedron A,’B,’C;/D,’ may be put down as 


; P (0, 1—g, 1+g, 0) Ar'(4, 9, —9, 1) 


Pa(v-g, 0, 0, v+g) - By (=i, <> = -2 1) 
g g 
Psw+g, 0,0, 0-9) Cy(=1, 2, 2,10 
g ` = 
P,(0,1+9, 1-9, 0) D4, —9: 9, 1). 


The tetrahedron A;'By'C,'D,', as put down above, is then the general 
tetrahedron to be in fourfold perspective with AyB,C,D,, and m.s.p. 
to ABCD, 


(e) If Ay’B,’C,;'D,! is also in fourfold perspective with ABCD, 


we must have g= + p ie. J=Łx4v, iyo. It is obvious that 


g=+Ẹxv give the same tetrahedron A,'B,/C,’D,’, as also do 

g=+iyv. It follows that, when two tetrahedra are m.s.p., there are 

in general two and only two other tetrahedra, each of which is in 

fourfold perspective with each of the original two. For the two 

solutions of A,/B,’C,’D,’, so found, it is enough to take g= yv, iy v. 
6—1374P—4 i 
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$20. Coming to the particular case when v= +1, i.e., when 
A,B,C,D, belongs to all the three families of §1, it follows from 
§19(d) that there are three types of tetrahedra each of which is m.s.p. 
to ABCD and in fourfold perspective with A,B,C,D, (v=1). The 
coordinates of their vertices are given by 


Axl, g', —g', 1) Arg”, L —g', 1) z A (g, -g"', 1, 1) 


A A =i zt el 
By(-1 9’ g 1) Bit( =} 1, gi i} = ? gu’ el 1) 


2 . d 
1 1 1 1 1 
0-1, 9” g” 1) C,” gyr Tip 1) Cy” (ah gi” -], 1) 


D,'(, —g', g', 1) Di"(—g", 1, g!, 1) - D”(- g", g", 1, 1). 


When each of these three tetrahedra is also in fourfold perspective 
with ABCD, then, - as in $ 19(e), ‘we must have each of g’, g’” and g" 
numerically equal to unity ori. In the former case, i.e., when g', g" 
and g!” are each numerically equal to unity, the three tetrahendra 
A BCD, A ,"By!C,"Dy" and Ay"B,"C,"D," coincide with the 
.third tetrahedron of the desmic system determined by ABCD and 
A B,CD; (v=1). In the latter case, we get three tetrahedra, each 
of which is in fourfold perspective with ABCD and A,;B,0,D, (v=1). 
Denoting these three tetrahedra, respectively, by b, c andd, the 
coordinates of their vertices are given by 


(Li-ION Of & -4,1,4) 
(-1, i, i, 1) 2 (i, -1, i, 1) (i, i, -1, 1) 

b ; . c d. 
(-1, —i, i, 1) (-i, —i, i, 1) (~i, ~i, ~I, 1) 
(1, =i i 1) (4141 | (ii) 


“The tetrahedra ABCD and A,B, CD (v=1) will henceforth be 
denoted by e and a respeztively. It is easy to verify that every 
two of the tetrahedra b,c, and d are in fourfold perspective. The 
centres of perspective of c, d; d, b; and b, ¢ are given respectively 
by the vertices of the tetrahedra n, m and p given below: 


(0, -1, 1, 0) (1, 0, 1, 0) (1, —1, 0, 0) 

(0, 1, 1, 0, (0,1,0) | (1, 1,0,0) 
E 

(1, 0, 0, 1) (9, 1, 0, 2) (0, 0, 1, 1) 


(10,01 |. .Q-100.] ~ 0, 1,1) 
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It is row clear’ that every two of the tetrahedra a, b, c, d and’e are 
in-fourfold perspective. -Also, it may be yerified that the tetrahedron 
formed by the centres of perspective of any two of a, b, c, d and e is ` 
not in fourfold perspective with any of the remaining three. Thus, 
from the manner of generation of a, b, c, d and e, it follows that five 
is the maximum number of tetrahedra, every two, of which are in 
fourfold perspective. It is interesting to observe that no three of these 
five tétrahedra belong to a desmic system. These five tetrahedra are 
entirely symmetrical between themselves, and can be generated from 
any two of them, in the manner shown above. _ 

We have already remarked that no three of a, ...... „e belong to a 
desmic. system. But, if we take any three of them, then the three 
tetrahedra formed by the centres of perspective of pairs taken from 
those three, belong to a desmic system. Thus, n, mand p which are 
formed by the centres of perspective of pairs taken from b, ¢ and d, 
may be seen-to belong to a desmi¢ system. 


§21. We shall now show that, whenever three tetrahedra are 
such that every two of them are in fourfold perspective, but the’ 
three do not belong toa desmic system, say the tetrahedra are ¢, 
a and b, then a unique quadric can be drawn -to pass through their 
vertices; this quadric will pass through two pairs of opposite edges 
of each of the three tetrahedra.e, a and b, and will have each of the 
remaining two, namely c and d, self conjugate w. r.t. it. For, 
consider at—yz=0, xy+zt=0, and az+yt=0, which are three 
linearly independent quadrics passing through the vertices of e and- b. 
Since by §5, the vertices of e and b form a set of eight associated 
points, the general quadric through them may be put down as 


at—ye +k, (xy + at) + kalez + yt) =0. 


This will pass through (1, 1, 1, 1) and (1, —1, —1, 1), if k, +%o=0, 
and through (—1, —1, 1, 1) and (—1, 1, —1, 1) if &;-%_.=0. Thus, 
it will pass through the vertices of a, if ky =k,=0. Hence, zt—ya=0 
is the unique quadric passing through the vertices of e, a and b. 
The remaining parts of the statement made at the beginning of this 
article are easy to verify. f 

Since, groups of three tetrahedra can be taken from amongst 
a, b, c, d and e in 5C5(=10) ways, we get in all ten quadrics of the 
type wt—yz=0. ‘These have been called the ten fundamental quadrics 
by Hudson,* who arrives at the tetrahedra and these quadrics by 
means of the theory of Line Geometry. ` 
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§22, Leta, b/, c! and d'be respectively the third tetrahedra of 
the desmie systems determined by e, a; e, b; e, c; ande, d. Then, 
in analogy to the double four of lines, and five lines of an associsted 
set, in space of four dimensions, the sets a, b, c, d and a’, b’, c!, d' 
will here be said to constitute a double four of tetrahedra, and e will 
be said to be associated with a, b, c, d, as also with a’, b/, c', d'. To, 
pursue the analogy further, we „shall show that we are ultimately 
led to fifteen tetrahedra, giving us in all six sets of five associated 
tetrahedra each. And, as in space of four dimensions, it will be 
found that each one of the fifteen tetrahedra gives rise to a double 
four associated with it, anc that every two of the six sets of five 
associated tetrahedra have one and only one tetrahedron in common. 

Since, a’ was taken as the third tetrahedron of the desmic system 
constituted by a pair (namely e, a) from a, b, c, d and e, we get in 
all °C, (=10) tetrahedra of tha type a’. These, together with a, b, c, d 
and e, give us the fifteen tetrahedra, we had in view. They are 
given in the following scheme, in which the two rows of tetrahedra 
in a paranthesis constitute a double four, of which the associated 
tetrahedron is given outside the paranthesis : 


— 


Ii 1 i-il i i—i I| -i ġġ 11 


-1-1 1 


1 

1} -1 i il i=l il] Ji teil 
1000]{|-1 1-1 1 f 

1 


a c 
—l-i-il| ~i-l1-i 1| -i-i-11 
0100 1-1-1 i—i ill -i 1 il i—i 11 


0010j;/-1 11 1 l1 i iif a ed) idli 





0001 1—1 1 i| -—1-i ii| -i-1 il i—i—1 1 
a b' o! d' 
1 1=ł 1] -1 i-i4) i-l-il| -i i-11 





1 1 i~i 1—-i—=i l| —i 1-71| -i-i 11 


e b c d 
i 0 01 0 i Ol 0 O71 





a 0 i 10| i010; 17.00 
r q l 
O0 1-70 1070; i-1 00 





10 0i) O 1 Ot] 00 1: 
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a 


l} 


1-1 00 


o > d 
1 0-10 


11 00/1010 


b! 


b 


m 


p Jm 
0 0 11) 0 1 01 


0 


0-11! 0-1 01l 


a. | 





These fifteen tetrahedra, which we have denoted by e, a, b, 
c, d, a!, b/, c!, d', l, m,n, p, q and r, have been called the fifteen 
fundamental tetrahedra by Hudson,* who arrives at them by means 


of the theory of Line Geometry (see also §21). 


The six sets of 


associated tetrahedra, mentioned at the beginning of this article, are 
now given by the rows (also by the columns) of the following scheme, ® 
which is the same as gives similar sets for lines in space of four 


dimensions: 





Ir Ii Iv V Vi 
e d a b c 
d d b d 
a l m n 
a l r q 
bm r `p 
con q ps, 
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The four other tetrahedra in the row, and the four other tetrahedra 
in the column, of any one of -the fifteen tetrahedra, constitute the 
double four associated with it. 


It may be observed that the fifteen tetrahedra are symmetrical 
between themselves, and may be generated from any of the six 
associated sets. In each of these associated sets, two tetrahedra are 
real, and the rest imaginary. . 

; ie aa e 


$23. We shall now consider some of the configurations arising 
from the vertices, edges and faces of the fifteen tetrahedra, The 
entire figure cansists of sixty vertices, thirty edges, and sixty faces. 
The sixty vertices, and the sixty faces constitute Klein’s 60,, con- 
figuration,” i.e., each of the faces contains fifteen of the vertices, and 
each of the vertices lies in fifteen of the faces. We may, however, 
remark that the fifteen points, lying in any face, can be divided into 
a group of’six points, and three groups of three points each, such that 
the six, points. of the first group lie on a conic section of one of the ten 
fundamental quadrics (§21), w.r.t. which the points of each of the 
remaining three groups; form a self-conjugate triangle. For example, 
consider the plane z=0. It contains three vertices of e, and a pair 
of vertices of each of r, q, l, p m andn. The six vertices arising from 
r, q, andl lie on the conic 3#2=0, w=0, Each of the three self- 
conjugate triangles is formed by one of the three vertices of e, and a 
pair of vertices of p, m, orn, which lie onthe opposite edge of ¢ in 
the plane x=0. These three triangles are tabled below. 


(01 00)» © 910) } © 003) 
00 11) (0 101) (0 110) 
(00-11). (0-101) | (0-110) 


The results also hold reciprocally; e.g., the enveloping cone of 3r?=0 
from (1, 0, 0, 0) is touched -by the six faces of 7, g and l which pass 
through (1, 0, 0, 0). And ifthe points of the above three triads are 
replaced by the opposite faces of the tetrahedra of which they are ver- 
tices, these faces being concurrent at (1, 0, 0, 0), then every two faces 
of a triad are conjugate w.r.t, the enveloping cone, considered above. 
Now, consider any of the fifteen double-fours of tetrahedra given 
by the second scheme of the last article. Then the sixteen vertices 
of one set of four tetrahedra and the sixteen faces of the other set 
constitute Kummer’s 166 configuration,® i.e., each of these sixteen 
- faces passes through six of the sixteen verticés, and each of the sixteen 
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vertices lies in .six of the.sixteen faces. Thus.the entire figure of the 
fifteen tetrahedra gives 15 x 2 (=80) configurations of Kummer. 


§24. In this article, we shall show how the vertices and faces of 
some of the fifteen tetrahedra give a new 12, configuration. It is 
known 7 that each of -the. fifteen tetrahedra belongs to four desmic 
systems, and that there are, in all, twenty such systems. This may 
also be sean.from the second schenfe of §22. If we consider any. of 
the fifteen tetrahedra, and mark, in serial.order, -the remaining 
tetrahedra in its row and column, from left to right in the former case, 
and from top to bottom in the latter case, then the tetrahedron belongs 
‘to four desmic systems, determined by the kth tetrahedra in its row 
and-.column, k=1, 2, 38,4. Since each. tetrahedron -belongs to four 
desmit systems, and-a desmic system -is given by three tetrahedra, 


15x4_o; 
a = 20, 





the number of such systems, as already stated, is 


. Now, these twenty. desmic systems’ can be grouped in ten pairs, 
8.9., €, a,-a' and p, n, m, such that the twelve vertices of one system 
of a pair, and the twelve faces of the other system, form 212, 
configuration, i.e., each of these twelve faces passes through six of 
the twelve vertices, and each of the twelve vertices lies in six of the 
twelve faces. . This has not been mentioned by ~Hudson in his book 
referred to above. The manner of grouping of the~twenty desmic 
systems is this. Take two tetrahedra of any one system, The 
associated set determined by them contains three other tetrahedra, 
These three tetrahedra, taken in pairs, give three desmic systems, of 
which the three third tetrahedra belong to a desmic system (§20), 
and this ‘system is,to be grouped with the one with which we started. 
Thus, starting with ¢,.@ and a’, the associated set, determined by e 
and a, contains b, c and ‘d. These three’ give three desmic systems, 
c, d; d, b; and b, c. The third tetrahedra of these -three desmic 
systems are respectively n, m and p, which constitute the desmic 
system to be grouped with e, a and a’. We may remark that, of the 
ten pairs, this is the only real pair. 

§25. No face of e passes through-any vertex of the eight tetrahedra 
.o b, 0, d, a,' b, c, d', which constitute the double-four associated with 
e. But the remaining six, namely l, m, n, p, q and 7, can be divided 
into three pairs, l, p; m, q; and n, 7, such that e has a pair of opposite 
edges in common with the two tetrahedra of each of the three pairs. 
Thus, we get three triads of tetrahedra, such that the tetrahedra of 
each triad have a pair of ‘opposite edges in common.® Since each of 
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the fifteen tetrahedra gives us three such triads, and each triad 


arises from three tetrahedra, the number of such triads is ox 8 =15. 





§26. A set of three edges of a tetrahedron, which is such that no 
two of them are skew, may be of two forms. Hither ıt may consist 
of the three edges which concur at a vertex of the tetrahedron, or it 
may.consist of the three edges which hie in a face of it. If we take 
such sets, of any forms, one from each of five associated tetrahedra, 
then the five sets, so obtained, are such that any edge of one set meets 
one and only one edge of each ożŻ the remaining four sets. This is so, 
because any pair of opposite edges of one of two tetrahedra in fourfold 
perspective meet a pair of opposite edges of the second; and each set 
contains one edge from each of the three pairs of opposite edges of 
the correspending tetrahedron. Thus, each of the fifteen edges, given 
by the five sets, meets six others. These fifteen lines can be given 
Schlafii’s notation.® For example, the edges of five sets, taken 
respectively from e€, a, b, c and d, can be denoted as follows: 
w=t=0(¢49) * y=t=0!lcg,4) 2=l=O(cg¢) 
e+t=0, y+z=0(c35) ytt=C, e+u=O0(cgg) z+t=0, x+y=0(c14) 
æ+t=0, y=z(c46) y +it=0, ¢=ix(cgs) a=it, e=iy(cys) 
@+it=0, y +iz=0(cg6) ytt=O, z=x(c15) =it, x+ iy=0(c24) 
w=il, ytiz=O(c,,) ytit=0, z +iæx=0(c16) 2+t=0, =y(c23). 

It is easy to verify that two c’s intersect if, and only if, they have no 
common suffix, ¢.g., Cy interserts cg,, bub not Cyg. 
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THE TORTUOSITY OF SUBMANIFOLDS OF A VARIETY 
By 
N. N. Gross 


In a recent paper * I have considered some properties relatthg 
to the osculating and the normal subspaces of a general variety 
immersed in an Euclidean hyperspace and have obtained new formule 
for the inclination of two neighbouring subspaces of the same type. 
The object of the present paper is to continue similar investigations 
with regard to submanifolds of a variety includmg curves as a 
particular case. Much of what is contained in my previous paper 
will be made use of in this connection. 


In W. Mayer’s paper there is a short treatment} regarding 
submanifolds of a variety. In the present paper I have started with 
his line of invest'gation attempting at greater comprehensiveness and 
making good some incompleteness therein, i 

In the ‘ Intrinsic Geometry of ideal space,’ Vol. I, by Forsyth, 
chapter VI is devoted to a nonvectorial treatment of submanifolds 
including the metrical properties connected with geodesics. In § 4 
I have obtained the formule in much simpler way. 

Let the variety containing the submanifolds be of 7 dimensions 
and let it be referred to an orthogonal system of n unit vectors e; 
passing through an origin O in an Euclidean n-space. A point on the 
r-fold variety is then given by the vector 


A=z,e, (i=1, 2, ..., 2) 
where the a’s are scalar functions of r parameters t4, ty, ts, ..., Ép. 
Fixing upon a point Py on the variety which corresponds to the 
parameters t;, a point P, in its vicinity corresponding to parameters 
t,+u; is determined by the vector PoP), i.e , by 
Alti tui, tg tue, ..., b, HU) Alti tot, p). vo (2) 
A submanifold of g dimensions included in the r-fold variety in the 


neighbourhood of Po will then be defined by (2) where the u’s are 
regarded as functions of g parameters V}, Vo, .. , Vg. 


* “The tortuosity of a variety ’'—Bull. Cal. Math. Soe., 82 (1940), 61-60. We 
shall refer to this paper as Tortuosity. 
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Let Qo ba a definite point on the submanifold corresponding to 
tbe parameters v (A=1, 2, ~., g). Denoting the vector PoQo by 


B(vy, Vos e, Ug) We have from (2) by differentiation with respect to 
the parameters v à 


6B Ou, .. 
Ov, ths Uy, bg tug, .., tp tun) ao, Ü= She T), 





which we write in the form 





. Ou ; 
Bias. f “ ©) 
À 
the system of vectors C, forming the tangent subspace of the variety 


at Qo. 
From (8) by further drfferentiations we have 











0 7u ji je 
B =C == +C.. . =, (4) 
AyAe "om 02). jije D O05 
j 2 
ae 3 ĉu, ð “h Ou; 
s AyAgAg ] Or, 00,08) 1112 Ov) Ov) Ov, 
2 Qa. 
P dior OM ONE. OY 
Bu, Ov, 0) Ov, 92, Ov). 
Ou. Ou. Ou. sk 
i le, d 
1 73 (5) 


+0.. , : : 

111273 dva, GASY hee 
and so on. ; 
It follows from the above that the osculating subspace of any order 
p of the submanifold at a point Qo is included in the osculating sub- 
space of the same order + of the variety at that point. As basis for 


the latter we shall take the system of i a J- veetors — 


* x/p—1 


G E R ; 
jilg lilas dp 


Jj? 


defining the tangent and the successive normal subspaces of- the 
variety. ; 2 


F As p increases this statement undergoes modification because the enveloping 
Euclidean space is of limited dimension, 
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2. Successive normal subspaces of the submanifold 


Let us denote the scalar determinant corresponding to the tangent 
subspace ab Qo of the submanifold by 


= (By oo @) 
Bg iB, Bo.-B, 
then the conjugate system By) 1s given by = 
{B / 
Bish 5 Oh A eel, 2,0) ag At 
(A) a By q) (7) 


where the suffix c attached to the minor of (6) indicates that its 
complementary is to be taken. 


The first normal subspace of the submanifold at Qg is then defined 


by 
B 
: fr) 
* = = 
ba AyA2 
Since* 
C i Ot 
B =C. 2 +07. Gate) A 
àjo 1B hile lp 
AyAg ire 


the above may be expressed in the form 
(0) = Ce. 
Be =c.,4 kyot 4 Yel a @ 
àia T/L dp Nile ÌB. 
Ayre AjAg 


where 


x 


B z 
A) 
=0,-B 8) 
,=o-B d 0 


J 


Oi 


The system (9) does not consist of r linearly independent vectors. 
They all lie on the tangent subspace of the variety at Qo and are 
orthogonal to the tangent subspace of the submanifold at Qo. Thus 
only r—q of them are, in general, linearly independent. These may 
be called the residual vectors of the first order, Denoting them by 


* Tortuosity, formula (4'1). 
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EA and the conjugate system by vE) where é; runs over the values 
ys : 

q+1,q+2, ..., 7, we can express (8) in the form 


CE. 
+0*. Gala) { 
hie İB 
Ayr 


Pe 
B* (10) 
A B 


wre E) 





It must be noticed from (4) that the coefficient of CF i. in the above 


18 equivalent to 








Let the system of vectors conjugate | to BY N be denoted by 
142 


B then the second normal subspace of the submanifold at Qo 


x 
(A1AQ), 
is determined by the vectors 


Bt 
BY =B —B* (uiua) —B 
Aylerg “Ai AbAg ae 





Pinas ere 
Introducing the systems of vectors 
B7 B 
C. „=C, -B* (41g) -B (a) ; -2 
{2° ~I Babe C; e lo, : 
Br ) 
CF.» = C*. — BF Hika a 
hija/2 Jil ae Gt. i (13) 
2172 


we may express (11) in the form 


Boh a NO: edea Ue 
Ardas = i/2) p i1iel2 {g 


Agàoàs AyAgas 
OFF: 
Iilels (B 


Now, tbe vectors of the systems (12) and (13) belong to the oscula- 
ting subspace of the second order of the variety at Qo and are 


+ Defined in accordance with formula (2 7), Tortuosity. 
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orthogonal to the osculating subspace of the second order of the 


t 


` submanifold at the point. Hence only ( a q ; of the vectors 


will be linearly independent. These may be called the residual vectors 
of the second order, Denoting them by Ve and the conjugate system 
2 


by 1 , where £g ranges over the values 
I Yea) iai : 


” 
q+2 q+2 r+2\_ 
( 2 } ( 2 | 2 1, 
we can express (14) in the reduced form 
ce, . 
BY my Plé) +0** . | (iieis) ee ee, (15) 
ArAgds- fale jilals |p 
AjAgArs AyAgks 


Generally, the (p-1) normal subspace of the subinanifold at Qo is 


determined by the vectors 
) 


jp-1 IĮp-2 {P ioe ‘ ) 
BrP =B — BP PyPgeebp—1) Vo 
AyAgeAp ` AyAg...Ap MyMarHent |B 

AyAgeAp 

B 

-B | (x) ve (16) 
PIB 
AyAg.. Ap 


which may be reduced tothe form 


c/p? -1 
p*/p -1 (€»-1) */P-1 }) (Giie---fp) 
Piia Ap Ep- n Ones tori ys pia z (17) 
AyAgenAp 


AyAgendp 

where vg į denotes the residual vectors of (p—1)® order, p- 
PE 

ranging over the values 


\ 
q+p—l qtp-l r+p-1\_ 
(sr h(g feu (raat a 


In the osculating subspace of p order of the submanifold at Qo 
we shall take the system of 


Gs x/p—1 
( i )- —1 vectors B,, BY ane: Big: Ap 
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as forming a basis, All properties depending on these fundamental 
vectors will follow as in my paper Tortuosity. 


Thus, the angle 86, between two infinitely near osculating sub- 
spaces of p' order of the submanifold at Qo is given by ł 


= BYP a jB eae ) 
D y2 AY piAp—y 
(86,) i A ‘ p/P- zf , no eee (18) 
> Bye Bp (My pa) 


which may be expressed in a form involvyng also fundamental 
quantities of the variety by applying (17). ‘ 

Similarly, the generalized Frenet formule { corresponding to the 
submanifold will follow. 


8. Curves on a variety 


When the u’s are functions of a single parameter v, the vector 
(2) defines a curve on the variety (1) passing through points in the 
neighbourhood of Py. Let the point Qo correspond-to a definite value 
v of the parameter, then denoting the vector PoQo by Biv), we have 
by successive differentiations 








du 
Bl=C, m” (19) 
d2u. du, du. 
1=0 “d +0.. —. 2 
BIRO says is dv ` dv’ ~~» (20) 
dbu ` d2u. du. du. du. du. 
Mal 2) a I ee. li a Is 
Bule=C ; Tos +830; ja o o + iijeja to” po (21) 


and so on. 

The osculating p-space ab the point Qo is determined by the set 
of p vectors B’, B’, B’’...B™ and is contamed in the osculating 
subspace of the pt? order of the variety at Qo. All properties of the 
curve based on these- fundamental vectors B®), whose maximum 
number is n, will follow asin one of my previous papers entitled ? 
‘New methods in the geometry of hyperspace.’ 

Let us denote the scalar determinant i 


-~ {Bi BY BY 
D Br.. = 


| Tortuosity, formula (8'9). 
t Tortuosity, formula (4.4). 
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by Agi) then the normal v,_, of the (p—1)th rank is expressible in 
the form | 


A =O Con A m KAN A 
B?-Dyp dae) gaot hie (vis ) pat EEA 
a/g 1 fey 7 
d PUS I Jas cy o D 


À ; 
where the symbol a Jaye denotes the scalar determinant An 


in which the element B” in one of the rows is replaced by A. 


If ô,’ denotes the angle between two consecutive osculating 
p-spaces at the point Qo, then 


TA 
j Vp Vp~1 
Vp © 
where , = Ap(p+1)/Anir). 
Vp 


4, Geodesics on the variety and the submanifold 


If the parameter v be changed to s defined by 


fie 


and the fundamental vectors of the curve be denoted by 8, we 


have then 
e g" . 
bas, Lo, and so on. 
B Bi 


A geodesic through Qo referred to the parameter s isa curve 


such that : 
g . (Co 
=0. ve (25) 
gr 


Referring to (20) the above may be put in the standard form 


aol ii H int ona, (26) 
“ds (gr (Cy) (8 fle 
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where it must be remembered 


(Coy _ du, 
Bi ia ds ` 


It follows immediately that for a geodesic 





C, C, 
a grace, 4 ODU) Gol, (7) 
Jile Bi B F 
Differentiating the above and simplifying by means of (26) we 
have | E 

Ci) (C (Ch 

B"=r. .. | (3) (a)l (is) , ... (28) 
iniais) g Br | B 
OCF. Cx) 7 

where z.. =1p| ile _ace J telat] (29 

lila} 8 ati, Wy Gis 


In the above P indicates that the sum of all terms obtained by 
cyclic permutations of the letters j}, jo, jg are to be taken. 


Thus the fundamental vectors of the geodesic on a variety are 
determined when £’ is assigned at the point. 


Let the unit tangent vector 8' also belong to the submanifold 
defined in (2). We have then . 


a 


B 
p=») a. (80) 
BI 
The vector i 
B, , )(B 
Re —R* À (ào) 
aP) 


corresponds to 8” in (27). 


Referring to (10) the above becomes 


Bren | Eh pe bate (82) 


a) (e 
BH} e 


+ Usually, the successive differential coefficients of u, are thus expressed. 
Of. Forsyth—Intrinsic geometry of ideal space, Vol. I, p. 182. 


Hence t 
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Piette “at “enh, wa. (84) 
Bu gu Be B" 


Let ‘an elementary length ôs be measured along the two geodesics. 
The tangent vectors at those points are given by B(s +88) and 


B'(s +88). If the angle between these vectors be denoted by dw, then 


Bi(s+5a) B(s +s) se z 
Br (s +88) A 


S e 
=63?| 4 + +2 +e 
Bl Bi Bi Bl . 8! pi 


Bu 17 
Hence e-i- . ... (B5) 
8j pu pr 


If y denote the angle between 6” and B", it may be proved that 


sin ? w=] 


cos 24 = ee i we (86) 
pr pr ; 
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ANNUAL REPORT OF THE CALCUTTA MATHEMATICAL 
SOCIETY FOR THE YEAR 1941 


The Council of the Calcutta Mathematical Society has the pleasure 
to submit the following report on the general concerns of the Society 
for the year 1941. s .” 

The Council of the Society during the year under review was 
constituted as follows :— 


~Y 
President :—Prof. F. W. Levi, Dr. Phil. 


Vice-Presidents :—Prof. N. R. Sen, D.Sc., Ph.D. (up to 81.1.41 and 
and again from 1.8.41.) 


Dr. M. R. Siddiqi, M.A., Ph.D. 
Dr- H. D. Bagchi, M.A., Ph.D, 
Mr. B. M. Sen, M.A., M.Sc. 
Dr. N. M. Basu, D.Sc. 


Treasurer :—Mr. N. C. Ray, M.A; 


Secretary :—Mr. 8. K. Chakrabarty, M.Sc. (up to 81.1.41 and 
again from 1.8.41.) 

Prof. N. R. Sen, D.Sc., Ph.D. (from 1.2.41. to 

81.7.41.) ; 


Editorial Secretary :— 
Dr. J. Ghosh, M.A., Ph.D. (up to 25.7.41.) 
Dr. B: S. Ray, M.Sc., Ph.D. (from 26.7.41.) 


Other. Members of the Council :— 
Mr. B. N. Mukherjee, M.A. 
Mr. 8. Gupta, M.Se. 
Mr. D. N. Sen, M.A. 
Dr. B. S. Ray, M.Sc., Ph.D. 
Dr. C. N. Srinivasiengar, D.Sc. 
Dr. N. G. Shabde, D.Sc, 
Dr. Gorakh Prosad, D.Sc. 
Dr. R. N. Sen, M.A., Ph.D. 
Mr. R. P. Mukherjee, M.A., B.L. 
Prof; A. C. Banerjee, M.A; 
Prof. C. V. H, Rao, M.A. 
Mr, B. B. Sen, M.Sc. 
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The Council of the Society held 5 meetings during the year. 
There were altogether 6 meetings of the Society during the year in 
which 20 papers. were read. 

One symposium was held during the year 1941, on “Teaching 
of Mathematics in different Universities and Boards in India.” 
Mr. B. M. Sen opened the discussion which was based on a compara- 
tixg study of the syllabuses ein different courses of the various 
Universities and Boards in India. 

During the year under review 5 new members were elected. The , 
Society lost 4 of its members by death, so that at the end of the” 
year the Society had 26 Honorary Members, 14 Life Members and 
78 Ordinary Members on its roll. The number of subscribers to the 
Bulletin of the Society at the end of the year was 44. 

At a meeting of the Council held on the 25th July, 1941, the 
following gentlemen were elected to the Board of Editors :— 

S. N. Bose, F. W. Levi,C. V. H. Rao, N. R. Sen, M. R. Siddiqi 
and B. S. Ray (Secretary). 


The following gentlemen were appointed as Editorial Colla- 
borators :— 

A. C. Banerjee, N. M. Basu, R. C. Bose, P. N. Dasgupta, 
J. Ghosh, S. C. Mitra, V. V. Narlikar, B. M. Sen, R. N. Sen, 
N. G. Shabde, C. N. Srinivasiengar, P. L. Srivastava. 

During the year, 4 numbers of the Bulletin of the Society were 
published, viz., Vol. 82, Nos. 3 and 4, and Vol. 38, Nos. 1, 2, so 
that at the close of the year the Bulletin was in arrear by 2 numbers. 

During the year the Society entered into 3 new exchange rela- 
tions, The total number of Societies, Libraries, etc., to whom the 
Society sends itg Bulletin for favour of exchange stood at 109 at the 
end of the year. The number of libraries ete., to whom the Society 
sends its Bulletin on gratis was 3. 

The financial condition of the Society improved during the year. 
The total surplus that has been added to the credit of the Society, 
during the year under review, is Rs. 221-18-11. The report of the 
auditors will show in detail the income and expenditure incurred by 
the Society during the year. 
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